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PREFACE. 



This book contains the substance of my lectures to the Senior Class 
in Civil Engineering, in tlie University, during the past few years, on 
the Resistance of J^aterials, The chief aim has been t<J present the 
theories as they exist at the present time. The subject is necessarily 
an experimental one, and any theory which has not the results of ex- 
periments for its foundation is valuelesa, I have tJierefore presented 
the results of a few experiments under each head, as they have been 
obtained in various parts of the world, that the student may judge 
for himself whether the theory is well founded or not. It is hoped 
that this part of the work will be valuable to the practical man. 

The descriptive parts are given more fully here than they were in 
the lectures, because they can be consulted more profitably on the 
printed page than they could in the manuscript, and will be examined 
more by the general reader than the mathematical part. But, on the 
other hand, the mathematical part is much more condensed here than 
it was in the class-room. This was done so as to keep the work in as 
Bmall a space as possible; and also becaiise a student is supposed to 
have time tor deliberate study, and can take time to overcome his dif- 
ficulties and secure his results. It is intended, however, in the next 
edition, to publish an appendix, in order to explain the more difficult 
mathematical operations of the text, 

I have taken special pains to make frequent references to other 
books and repoi-ts from which I have secured information. This will 
enable any one to verify more fully the positions which have been 
taken, and will be convenient for those who desire to secure a more 
thorough knowledge of any particular topic. 

I do not deem it necessary to indicate those topics which are wholly 
original. To the reader who has never before given the subject any 
attention, all will be new; and the well-informed reader will readily 
detect what is original. 

A lai^e' amount of labor and study has been given to this subject 
in nearly all civilized countries, and yet the theories in regard to re- 
sistance from transverse stress are not very satisfactory. In r^ar d 
to the strength of rectangular beams, the " Common Theory," as I 
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have called it, is sufficiently correct for ordinary practical purpoaea, 
especially if the TnodvhM of rupture, as determined by direct experi- 
ment upon rectangular beams of the same material, be used. Bar- 
low's "Theory of Flexure" appears to be more nearly correct in 
theory when applied to rectangular beams and beams of the I section, 
or other forma which are symmetrical in reference to tlie neutral axis. 
But when the sections are irregular none of the theories can be relied 
upon for securing correct results. "Whatever theory may yet do for us, 
it is quite evident that no theory ■wHl ever be devised, of practical 
value, which will be applicable to the infinite variety of forms of 
beams which are or may be used in the mechajiio arts. That I may 
not be misunderstood upon this point, I will be more specific. We 
know that our present theories do not always give correct results, and 
that the more irregular the form the. greater the discrepancy between 
the actual and computed strengths of a beam. Now, if a theory is 
ever devised which will take into account all the conditions of strains 
. in a beam, I think it will be too complicated to be of practical value 
to the mechanic, I do not desire by this remark to disparage theory. 
Theories are valuable. Without them we would make little or no 
progress. Fortunately for the engineer, it is not the mathematically 
exact result that he desires, but the reliable result. He does not so 
much desire to know that one pound more of load will break his 
structure, as he does that he may depend upon it to carry from four 
to six times the load which he intends to put upon it. The theories, as 
now developed, are safe guides to the mechanic and engineer ; still we 
learn to depend more and more npon direct experiment. The theory 
also in regard to the deflection of beams under a transverse strain, 
has recently received a modification, due to a consideration of the 
effect of transverse shearing ; but the modification is sustained both 
from mathematical and experimental considerations. May not more 
careful experiments yet teach us that it must be still further modified 
on account of the longitudinal shearing strain? 

The author will be pleased to receive the results of experiments 
which have been made in this country, so that if this work is revised 
in the future, it may be made more profitable to the engineering 
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A TEEATISE 



THE RESISTANCE OF MATEEIALS. 



INTEODUCTION". 

1. IR FROFOBTIONIKG ANT ISECHAnlCAL STBtfCTDKE), 

there are at least two general problems to be considered :-— 

let. The nature and magnitude of the forces which are to be 
applied to the structure, such as moving loads, dead weights, 
force of the wind, etc. ; and, 

2d. The proper distribution and magnitude of the parts 
which are to compose the structure, so as to successfully resist 
the applied forces. 

These problems are independent of each other. The former 
may be solved without any reference to the latter, as the struc- 
ture may be considered ae composed of rigid right lines. The 
latter depends priDcipally upon the mechanical properties of 
the materials which compose the structure, such ae their strength, 
etiffn^s, and elasticity, under various circumstances. 

The mechanical properties of tlie principal materials — wood, 
stone, and iron *— have been determined with great care and 
expense by different experimenters, both in this and foreign 
countries, to which reference will hereafter be made. 
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a THE EESISTANCE OF MATERIALS. 

3, DEFINITIONS OF TERDIS. 

SxEEeSES are the forces ^vliich are applied to bodies to bring 
into action their elastic and cohesive properties. These forces 
cause alterations of the forma of the bodies upon which tliey 
act. 

Strain is a name given to thfe kind of alterations produced by 
tlie stresses. The distinction between stress and strain is not 
always observed ; one being used for the other. One of the 
deiinitions given by lexicographers for stress, is strain/ and in- 
asmucli as the kind of distortion at once calls to mind the 
manner in which the force acts, it is not essential for our pur- 
pose that the distinction should always be made. 

A Tensh^ Stbess, or PitU, is a force which tends to elongate 
a piece, and produces a strain of extension, or tensile strain. 

A Compressive St-eess, or Push, tends to shorten the piece, 
and produces a eonipresswe strain.. 

Transteese Stress acts traiisvei-sely to the piece, tending to 
bend it, and produces a h&ndAmg stram.. But as a compressive 
stress sometimes causes bending, we call the fonner a trcmsverse 
strain, for it thus indicates the character of the stress which 
produces it. B earns are generally subjected to transverse 
strains. 

Torsive Stress causes a twisting of the body by acting tan- 
gentJally, and produce a torsive stro/in. 

Longitudinal Shearing Stress, sometimes called a detru- 
sive strain, acts longitudinally in a fibrous body, tending to draw 
one part of a solid substance over another part of it ; as, for 
instance, in attempting to draw the piece A B, 
Fig. 1, which has a shoulder, through the mortise 
0, the part forming the shoulder will be forced 
longitudinally off from the body of the piece, 
BO that the remaining part may be drawn 
through. 

Transverse Shearing Strbee ie a force which acts trans- 
versely, tending to force one part of a solid body over the adja- 
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ISTKODrCTION. O 

cent part. It acts like a pair of shears. It is the stress which 
would break a tenon from the body of a beam, by acting per- 
pendicular to the side of the beam and close to the tenon. It 
is the stress which shears large bars of iron transversely, so 
often seen in machine-shops. The applied and resisting forces 
act in parallel planes, which are very near each other. 

SpLTrnsG Stress, as when the forces act normally like a 
wedge, tending to split the piece. 

3> THE EFFECT OF THESE STBESSE8 IS TW^OFOLD :— 

1st. Within certain limits they only produce change of form ; 
and, 2d, if they be sufficiently great they will produce rupture, 
or separation of the parts ; and these two conditions give rise 
to two general problems under the resistance of materials, the 
fonner of which we shall call the problem of Elastic Resist- 
ance ; the latter. Ultimate Eesistance, or Eesistanob to 

KUPTCEE. 

4. GENERAL PRIKCIFLES OF ELASTIC BESISTANCES.— 

To determine the laws of elasticity we must resort to experi- 
' ment. Bars or rods of different materials have been subjected 
to different strains, and their effects carefully noted. 

From such experiments, made on a great variety of materials, 
and with apparatus which enabled the experimenter to observe 
very minute changes, it has been found that, whatever be the 
physical structure of the materials, whether fibrous or granu- 
lar, they possess certain general properties, among which are 
the following :— 

Ist. That all bodies are elastic, and within very small limits 
they may be considered perfectly elastic; i. e., if the particles 
of a body be displaced any amount within these limits they will, 
when the displacing force is removed, return to tlie same posi 
tion in the mass that they occupied before the displacement. 
This limit is called the limit of perfect elasticity.* 

■ Mr. Hodgkjnson made Kome eiperiments to prove that all tiodies are non- 
elaatic. (See CivH Eng. an,d Areh.. Jour. toI.tI, p. 354.) He found that the 
limita of perfect elasticitj were exccedraglj eniall, and inferred tliat if our 
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2d. The amount of displacement within the elastic limit is 
directly proportional to the force which produces it. It follows 
from this, that, in any prismatic bar tlie force which produces 
compression or extension, divided by the amount of extension or 
compression, will be a constant quantity. 

3d. If the displacement be carried a little beyond this limit 
the particles will not return to their former position when the 
displacing force is removed, but a part or all of the displace- 
ment will be permanent. This Mr. Ilodgkinson called a set, a 
term which is now used by all writers upon this subject. 

4th. The amount of displacement is not exactly, but nearly, 
proportional to the applied force considerably beyond the elastic 
limit. 

5th. Great strains, producing great sets, impair the elasticity. 

3* COEFFICIENT (OR mODUI^US*) OF ELASTICITT, 

If a prismatic bar, whose section and length are 
unity, be compressed or elongated any amount with- 
in the elastic limit, the quotient obtained by 
dividing the force which produces the displacement 
by the amount of compression or extension is called 
the CoEFnciENT of Elasticity. This we call E. 
Let K=8ection of a prismatic bar (See Fig, 2), 
'^0^ Z=it8 lengtli, 

powers of obserratioii were perfect in kind and infinite in degree, we should 
find VoBii no bod; was perfeotty elastic even for the amallest amonnt of dis- 
placement And althougli more recent experimenta have irtdieated the same 
result in cast-iron, yet tie most delicate esperiments have failed to thoroughly 
establish it. I have, therefore, accepted the principle of perfect elasticity, 
which, for the purposes of this work, is practically, if not theoretically, correct. 
It does not appear from Mr. Ho^kinson's report how hoou the effect was 
observed after the etrain was remoTed. If he had allowed considerable time 
the set might have disappeared, as it is evident that it takes time for the dis- 
placed particles to return to their original position. 

* The terms eoijjldent and mod'alua are used indiscriminately for the con- 
atants which ent«r equations la the discussion of physical problems, and are 
sometimes called pht/maX constants. The modvlus of elastidtj, as used by 
moat writers on Analytical Mechanics, is the ratio of the force of restitution to 
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and A=the elongation or compression caused by a force, P, 
wliich is applied longitudinally. Then 
^==force on a unit of section, and 
-j=the elongation or compression for a unit of length. 
Ilence, from the definition given above, we have 

E = I + 7 = S (1) 

From this equation E may be easily found. It will here- 
after be shown that the coefficient is not exactly, but is nearly 
the same for compreesion as for tension. 
For values of E, see Appendix, Table 1. 

6. PROOFS OP THE I^A.WS GIVEN IN ARTICLE FOTTR.^ 

Article 5 has preceded tlieae proofs, so as to show how the results 
of experimentfi may be reduced by equation (1). The Ist and 2d 
laws seem first to have been proved by S. Gravesend, since which 
they have been confirmed by numerous experimenters. One of 
the most extensive and reliable series of experiments upon various 
substances for engineering purposes is given in " The Report of 
Her Majesty's Commissioners, made ixnder the direction of Mr. 
Eaton Hodgkinson." The results of his experiments are pub- 
lished in the Reports of the British Association, and in the 5th 
volume of the Proceedings of the Manchester Literary and 
Philosophical Society, from which extracts have been made 
and to which we shall have occasion to refer. The experiments 
were made not only to prove these laws but several others, 
principally relating to transverse strength. 

Barlowmade many experiments, the results of which are given 
in his valuable work on the " Strength of Materials." The series 
of experiments on iron which had been commenced and so ably 

that of compression. It relates to the impact of bodiea, and, aa thus defined, 
depends upon the setL But the coefficient of elasticity depends neithei upon 
impact nor set. Another term should therefore be used, or else a distinction 
should be made between the terms coefficient and nwdulug, so that the former 
shall apply to small displacements, and the latter to the relative force of restd- 
tntion. For this reason I have used the former in this work, and avoided the 
latter when applied to elasticity. 
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D THE EEBISTANCE OF MATERIALS. 

conducted by Mr. Hodgkinaon were continued by Mi-. Fairbaim. 
The latter confined his experiraenta mostly to traiisveree atrength, 
the reaults of which are given in bis valuable work on " Caat 
and Wrought Iron." A valuable set of experiments has been 
made in France at "le Conservatoire des Arts et M^tiera."* 

In this countiy several very valuable sets of experimenta have 
been made, among the moat important of which are the experi- 
menta of the Sub-Oomraittee of the Franklin Inatitute, the re- 
sults of which are published in the 19th and 20th volnmea of 
the Journal of that Society, eommencing on the 73d page of tlie 
former volume. The experiments were made upon boiler iron, 
but they developed many properties common to all wrought 
iron. They were conducted with great care and acientific skill. 
The report givea a description of the testing machine ; the 
manner of detennining its friction and elasticity ; the modifica- 
tions for uee in high temperature ; the manner of determining 
the latent and specific heats of iron ; and the strength of differ- 
ent metals under a variety of circumstances. 

Another very valuable aet of experiments was made by Cap- 
tain T. J. Bodman and Major W. Wade, upon "Metals for 
Cannon, under the direction of the United States Ordnance 
Department," and published by order of the Secretary of War. 

Numerous other experiments of a limited character have 
been made, too many of which have been lost to' science be- 
cause they were not reported to acientific joiu-nala, and many 
othera were of too rude a character to be very valuable. 

The reaults of these experiments will form the basis of our 
theoriea and analysia. 

• See "Motia's Resistance ilea Materiaui," p. 126. 
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BXPEEIMKNTS ON WEOTJGHT lEON. 



CHAPTER I. 



TENSION. 



7* TAKING the; PHEKOIHENA IN THEIR NATURAI. OR- 

)>ER, the first thing which claima attention is the elastic re- 
sistance due to tension, or, as it is sometimes called, a pull, or 
elongating force, 

EXPERIMENTS ON WEOUQHT IKON, 



!» far determining &,e tottU dongation and permanent ^/mgatioti pro- 
dm:ed by different widghti acting Jyy extemion on a lie of icrwijfitt iron of 
the best giuMty, ly Eaton HodgHmon. 
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187.430 








374.930 


0.000185361 




20 316 200 000 


5S2.40a 


0. 000383704 


0.00354 


19 834 100 000 


749.45B 


0.000379467 


0.00388S4 


19 704 000 000 






0.0043398 


19 739 909 000 


11S4.81B 


O.O0O57O79S 


0.00508 




1813,283 


0.000665647 


0.006770n 


19 714 600 000 


1499.730 


O.OOOTflOSlt 


0.0100879 


19 320 300 000 


1687.219 


0.000873365 


0.0330383 


19 330 700 000 


1874.645 


0,001013»H 


0.0839955 




3083,580 


0.0013^861 






8349.637 


0.003327305 
0.004387185 


3.0709900 




2403. (i53 


5 606 590 000 


3634.S64 


0.009156490 


8.4690700 






0,009950070 


8.5748700 




S813.033 


0.010493805 


0.1033600 


S 681 530 000 


Repeated after 1 hour. 
u 2 " 


0.011750318 
0.011858889 






" " 3 " 


0.011S38837 






" 4 " 


0.011943)68 






" 5 " 


0.011958835 






" " 6 " 


0.011997140 






" " 7 " 


0.013037114 






" 8 " 


0.013037014 
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THE EBBI6TANCE OF lU.T&ItIAI.B. 

IRON. — Continued. 



knog™^''^""" 


BlongBtion pot metre of length. 


Coefficient e, 




„™„. 


p.«,n...e,.. 


Bepeated afber 9 hours. 
" 10 " 
2999.500 


aoiaosTiu 

0.0I3037U4 
0.017888263 
0.019478898 
0.01984831 
0.030S3006 
0.03148300 
0.03169401 
0.03170343 
0.03170343 
0,03477441 
0.035U184 
0.08533513 
0.03403543 
0.03519357 
0.03520190 


16.5145" 
18.^13 
19!7954 

33.0119 
22.7087 

33.'^bV 


'1876 826666 






318e.'B7& 


'i 483 3S6 666 






3374.440 
356i;906 


1 362 030 000 

■i6i6586666 













This table is given in French units because it was more con- 
venient.* 

8, TUB BCSuLTs OF TK£SE EXPEHiiHSNTs may be re-, 
presented graphically by taking, as has been doiie in Fig. 3, the 
total elongations or the permanent elongations for abscissas and 
the weights for ordinatea. 

• To reduce the French meaflures to Eng-hsh we have the f ollowingf relationB ; — 

LiNEAK MBABCRB. 

3.3808993 feet = 1 metre 
0.O32808B feel = 1 centimetre 
0.0033808 feet — 1 miUimetre 
0.0393696 in. =1 miUunetre 
Weight 
2.30462 lbs. avoiid. = 1 kilogramme. 
1432. 38 Iba. pr. sq. in. = 1 kilog. to the bc[. millimetre. 
0.00143338 lbs. aq. in. — 1 fcEog. pr. aq. metre. 
Hence to reduce the above quantities to English units, multiply the numbers 
in tlie first column by 14.3338 to reduce them to pounda aToirdupoie per square 
inoi ; those in the second colnron by 3. 38089 + to reduce them to feet ; tlie 
third by 0.03936+ to reduce tiem to inches ; and the fourth by 0.00142238 to 
reduoe them to pounds per square incli. 
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When the construction is made on a large scale it makes the 
results of the experiments very evident. 

An examina- aeoo^ 
tion of rig. 3 



1st. That to a 
load of 1499.72 
kil, pr, sqnare 
centimetre, the 
total elongations 
are practically 
proportional to ^^00 
the loads ; 

2d. That with- 
in the same hm- 
its the perma- 
nent elongations 

are nearly pro- fio. 3. 

portional to the loads, and that they are exceedingly small ; 

3d. That beyond the load of 14.997 kil. to 22.00 kil. per 
square millimetre, the total and permanent elongations increase 
very rapidly and more than proportional to the loads ; 

4th, That near and beyond 22.49 kil. per square millimetre, 
the total elongations become sensibly proportional to the loads, 
but in a much greater ratio than that which corresponds to small 
loads. For the loads near rupture the elongations are a little 
inferior to that indicated by the new proportion. 

5th. Beyond 14.99 kil, per square millimetre, the permanent 
elongations increase much more rapidly than the total elonga- 
tions. We also observe that the permanent elongations increase 
with the duration of the load, although very slowly. The latter 
property will be more particularly noticed hereafter. 
p 

6th. Finally, the values — of tlie loads per square metre to 

the elongation per metre, and which is called the coefficient of 
elasticity, is sensibly constant when the elongations are nearly 
proportional to the loads ; and that the mean value is 
E = 19,816,440,000 kil. per square metre; 
= 28,283,000 lbs. per square inch. 
The first value of E, in the table, is much larger, and may 
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10 THE KEBI9TANCE OF MAirEEIALS. 

have resulted from an erroneoue meastireinent of the exceed- 
ingly Bmall total elongation. From the experiments made on 
another bar, Hodgkinson found 

E = 19,359,458,500 kil. per sq. metre; 
= 27,700,000 pounds pr. square iuch ; 
which ia' but little less than the preceding. 

Mr, Hodgkinson infers from these experiments that the small- 
est strains cause a permanent elongation. But Morin for- 
cibly remarks * that none of these experimenters appear to have 
verified whether time, after the strains are removed, will not 
cause the permanent elongations to disappear. Also that the 
deflections of the machine cannot be wholly eliminated, and 
hence appear to increase the true result. In practice such small 
pennanent elongations may be omitted. 

The preceding example has, for a long time, been given to 
show the law of relation between the applied force and tlie 
total and permanent elongations ; but we should not expect to 
find exactly the same results for all kinds of iron. Even wrought 
iron has such a variety of qualiti^, depending upon the ore of 
which it is made, and the process of manufacture, that it cannot 
be expected that the above results will always be applicable to 
it. Only a wide range of experiments will determine how far 
they may generally be rehed upon. 

It is found, however, that the general eesults of extension, 
of set, of increased elongation with the duration of the stress 
within certain limits, arid of the increase of set with the in- 
crease of load, are true of all kinds of iron. 

EXPERIMENTS UPON CAST IRON. 
9. THE FOLIiOWING EXPEBIKIENTS UPON CAST IRON sltOW 

that the numerical relation between the applied force and the 
extension is somewhat different from the preceding. The expe- 
riments were made under the supervision of Captain T. J. Rod- 
man : — t 

' ' The specimenB bad collara left on tliem at a diatAnce of thirtj-five mdiea 

* Moiin'fi Sesist&iice des Mat€riaux, p, 10. 

t Experiments on Metals for Cannon, by Capt. T. J. Rodman, p. 157. 

For a full description of the testing apparatus, with diagrams, see Major 
Wade's Beport on the Strength of Materials for Cannon, pp. 30S-315. The 
machine consista piindpoll; of a rery substantial frame and leveia restins an 
knife edges. 
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TENaiOTT. 



11 



apart, the apiuie between the collais being accmcitelj tamed thiougboat to a 
uiuf aim diameter. 

' ' Tlie apace between the collars woa Burreuiided by a caat-iron sheath, eight- 
tenths of an inch less in length than the distance between the coHata ; it was 
put on in halves and held in position by bands, and was of sufficient interior 
diameter to moTs freely on the specimen. 

" When in position, the lower end of the sheath rested on the lower collar of 
the specimen, the space between its upper end and the upper collar being sup- 
plied with and accutatel; measaced by a graduated scale tapered 0.01 of aninch 

" The upper end of the sheath was mounted with a vernier, and the scale 

was graduated to the tenth of an inch. 

" This afforded means of measuring the changes of distance between the 

collars to the ten-thousandth part of an inch, and these readings divided by the 

distance between the collars gave the extension per inch in length as recorded 

in the foUowing table ; — 

TABLE 

Showing Ae ext^tsimt aiid perwanent helper iimh in length cavsed by Uie under- 
mentioned leeigliU, per agitare ineh of section, acting upon a solid cyUnder 35 
indies long cmd 1.360 intern diameter. {Gait at the West Pmnt Foundry in 
1857.) 



Weight per 
MctJon. 


leneth. 


Permanent set per inch 
in length. 


elMtinity. 


p. 


K 




E, 


lb* 


11. 


in. 




1,000 


0,0000011 


0. 


18,866,613 


2,000 


0.00007S4 


0. 


33,186.168 


3,000 


0.0001089 


0. 


S7,S48,209 


4,000 


0.0001771 


0. 


32,586,«74 


5,000 


0.0O03138 


0. 


33,489,901 


6,000 


0.0008700 


0.0000014 


33,222,232 


7,000 


0.0003338 


0.0000030 


31,033,053 


8,000 


0.0003086 


0. 0000043 


20,070,245 


9,000 


0.00045(17 


0. 0000071 


19,749,835 


10,000 


O.00OS1OO 


0. 0000109 


19,607,843 


11,000 


0.000.1500 


0.0000157 


20.000,000 


13,000 


0.0006414 


0. 0000257 


18,603,486 


13,000 


0.0007100 


0,0000300 


18,309,859 


14,000 


0.0007700 


0.0000337 


18,181,181 


IS.OOO 


0.0008SS7 


0,0000477 


17,539,607 


16,000 


0.0009343 


0.0000530 


17.810,397 


17,000 


0.0010014 


0.0000043 


16,977,231 


18,000 


0.0010900 


0.0001014 


16,587,614 


19,000 


0.0012271 


0.0001471 


15,483,680 


20,000 


0.0013586 


0.0003014 


14,781,109 


21,000 


0.0015386 


0.0002900 


13.048,771 


33,000 


0.0017043 


0.0003980 


12,908,523 


23,000 


0.0019529 


0,0005539 


11,205,346 


S4 000 


0.0022780 


0,0007539 


10,533,344 


25,000 


0.0028037 


0.0010843 


0,601,730 


26,000 


0.0032188 




8,078,048 
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12 Tfffi RESISTANCE OF MATERIALS. 

lO. firhre: 4 is a crafhioal representation of 
THE ABOVE TABI.E, coiiatructed in the same way as Figure 3. 

Experiments were made upon many other pieces, from which 
I have selected four, and called them A, B, C, and D, a gra- 
phical representation of which is shown in Figure 5. The right 
hand lines represent extensions, the left hand sets. 
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A is from an inner specimen of a Fort Pitt gun, No. 335, 
and the others from different cylinders which were cast for the 
purpose of testing the iron. 

From these we observe :— 

let. That for small elongations the ratio of the stresses to the 
elongations is nearly constant. 

2d. There does not appear to be a sudden change of the rate 
of increase, as in Mr. Hodgkinson's example, but the ratio gra- 
dually increases as the strains increase. 

3d. The sets at first are invisible, but they increase rapidly 
as the strains approach the breaking limit. 

It ^Y^^&t& parado3iica.l that the first and second experiments 
in the preceding table should give a less coefficient than the 
third, but the same result was observed in several cases. 

11. THE FOLLOWING TABLES ARE THE RESULTS OF 
SOME BXFERimEMTS MABEJBV MR. HODCKINSON :— 
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•Direet longttudincU 


extermon of round rod* of cast 


ran, ffty feet long. 








Weights 


«r narelnchl^aon 


,i» 
















|| 


NAME OP mON. 




Si 






i^i 










r^-r 




















Wslghts. 


BiUnsion. 


B«». 


Ip 










Iba. 


in. 


in. 


,^. 


in. 


Low Moor, No. S 


S 


1.058 


3,117 
6,35S 
10,586 
14,831 


0,0850 
0.3115 
0.5740 
0.9147 


0.00345 
0.0350 
0.4435 
0.13775 


t6,408 


t.085 


BkneaTDttIron,No. a.. 


a 


I.IWHS 


3,096 
6,389 
10,482 
13,037 


0.0943 
0.3005 
0.5770 
0.8370 


0.00368 
0,01675 
0.0575 
0.11475 


14,675 


0.B335 


Gsrtaherrie Iron, No. 2 . 


2 




3,10S 
6,338 
10,647 
14,760 


0.0933 
0.3117 
0,5803 
0.9453 


0.001 + 
0.01450 
0.O475 
0.11353 


16,951 


1.167 



In these experiraents the ratio of the extensions is somewhat 
greater than that of the weights. The value of E, as computed 
for the first weights which are given, and the corresponding 
extensions, is a little more than 13,000,000 pounds per scLuare 
inch. 



Ertension of oast 


„„.„,.. 


loi^audone 


— 


!lii 


w«.. ,. 


-r- 


s.. 


£ 


Hllil 


Ibt 










1053.77 


0090 


00023 


117086 


- A 


1680.65 


0187 


000545 


115131 




2167.54 


0186 


00107 


113309 




8161.81 


0387 


00175 


110150 




4315.08 


0391 


OOS05 


107803 




5363.85 


0500 


00373 


105377 


+ ?l? 


6833.63 


0613 


00517 


103143 


7376.39 


0734 


00664 






8430.16 


0659 


00844 


98139 




9483.04 


0995 


01063 


95816 




10587.71 


1136 


01303 






11591.48 




01609 


90347 




13645.39 


1448 


03097 




-TJF 


13699.83 


1668 




83133 


+ rf. 


14793.10 


1859 


02410 


79576 


-*, 
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14 THE KESISTAHCE OF MATEEIAL8, 

Let P = the elongating force and 

^e =■ the total elongation in inches dne to P. 
Then Hodgkinson found, from an examination of the table, 
that the empirical formula 

F = 116117a, ~ 301905a^ . 

represented the results more nearly than equation (1). This for- 
mula reduced to an equivalent one for I in inches (obeerving 
that the bar was 10 feet long), becomes 

P = 13,93i.000 _^ = 2,90Y,432,OOOA "f '■'^''^■^^ 
I ' ' ' -P 

Although this equation gives the elongations for a greater range 
of strains than equation (1) for this particular case, yet the 
law represented by it is more complicated, and hence would 
make the discussions under it more difficult, without yielding 
any corresponding advantage. It is the equation of a parabola 
in which P is the abscissa and \ the ordinate. 

We also see that when the elongations are very small, iX-i.e 

quantity -^ will be very small, and the second term may be 

omitted in comparison with the first, in which case it will be re- 
duced to equation {1). The coefficient in the first term is the 
coefficient of elasticity, hence it is nearly 14,000,000 lbs. 
for extension. 



MALLEABLE IRON, 

ISB, ACCWBBiNO TO BARI.OW8 BxPEBinoNTS malleable 
iron may be elongated xAt "^ ^*® length without endangering 
ita elasticity.* To ascertain this, the strains were removed 
from time to time, and it was found that the index returned to 
zero for all strains less than 9 or 10 tons. The mean extension 
per ton (of 2,240 lbs.) per square inch, for four experiments, was 
0.00009565 of its original length. Hence the mean value of 
the coefficient of elasticity is 

E - — = ^^ -- = 33,418,000 lbs. 

X 0.00009565 ' 

• Jonimil Frntik. Inst., toL svi., 3d Seriea, p. 130. 
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ELASTIOITT OF WOOD, 
13. EXPBRIME^ITS BT nBSSUS. (nEVANDIER AM) WSB- 

THEiM.-The following are some of the results of tlie recent 
experiments of Messrs. Chev&ndier and Wertheim on the resis- 
tance of wood. These experimenters have drawn the follow- 
ing principal conclusions: — 

1. The density of wood appears to vary very little with age, 

2. The coefficient of elasticity diminishes, on the contrary, be- 

yond a certain age ; it depends, likewise, upon the dry- 
ness and the exposure of the soil to the sun in which the 
trees have grown ; thus the trees grown in the northern 
exposures, noith-eaatem, north-western, and in dry soils, 
have always so much the higher coefficient ae these two 
conditions are united, whereas the trees grown in muddy 
soils present lower coeifieients. 

3. Age and exposure influence cohesion. 

4.. The coefficient of elasticity is affected by the soil in which 
the tree grows. 

5. Trees cut in full sap, and those cut before the sap, have not 

presented any sensible differences in relation to elasticity. 

6. The thickness of the woody layers of the wood appeared to 

have some influence on the value of the coefficient of 
elasticity only for fir, which was greater as the. layers were 
thinner, 

7. In wood there is not, properly speaking, any limit of. elasti- 

ticity, as every elongation produces a set. 
It follows from this circumstance that there is no limit of 
elasticity for the woods experimented upon by Messrs. Chevan- 
dier and Wertheim, but in order to make the results of their ex- 
periments agree with those of their predecessors, the authors 
have given for the value of the limit of elasticity the load under 
which it produces only a very small permanent elongation ; the 
limit which they indicate in the following table for loads under 
which the elasticity of wood commences to change, corresponds 
to a permanent elongation of 0.00005, its original length. 
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THB BESISTAHCB OF UATEBIAIB. 



Table courAiNniG the Mean Results of the Exfeeiments of 
Messes. Chevandieb and Weetheim. 



Bpwie., 


f 


Pi 
ml 


fill 


Ifl 
Isll 


1 


LocuBt ' 


0.717 
0.498 
0.756 
0.813 

0*,808 
0.872 
0.559 
0.733 
0.693 
0.6S7 
0.601 

0!674 
0.477 


1361,9 
1113.3 
108S.3 
997.3 
980.4 
977.8 
021.8 
664.1 
1165.3 
1163,8 
1131.4 
1108.1 
1075.9 
1031.4 
517.3 


3.1^' 
3.153 

l-'eiT 
3.317 

8.349 
1.633 

1.842 
1.139 
1.346 
1.131 
I.03B 
1.068 
1.007 


4.18 
3.99 
4,30 
3.57 
6.49 

2^48 
6.99 
6,16 
6.78 
4.54 
7,20 
3,58 
1.97 


5j? 




► i-s 






Is 




III 
Ifj 


Oak from pedunculate acorn 
" " seaaUe ftoom,... 














\ti 




ei5 







14> BI.A8TICITT OF \rOOD, TANGBNTIA.LLV AND RAXI- 

ALtY.-The same observers have also determined the coefficient 
of elasticity and the cohesion of wood in the direction of the 
radius and in the direction of the tangent to the woody layers. 
An examination of the following Table shows that the resis- 
tance in the direction of the radius is always greater than the 
resistance in the direction of the tangent to tlie woody layers ; 
the relation between the coefficients of elasticity in the two 
cases varying nearly from 3 to 1.15. 
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MeAK EBStnLTS OF THE ErPEKIMENTS OF MESBEe. ChEVAKDIBB 
AND WeBTHEEU. 





IN THp Direction op Kadios. 


^ ™EB?'S^ 


ON OF THB TiN- 
JELilBBS, 


.™. 


Ooefficdecc of 
ElasBiaty,B,par 
sqDHn millliae- 


CohcElDn, or 


Oocffloiedt of 
ETHrtSclty, B, per 

tre. 


Ooheaion, or 
losd. per i^na™ 




Kllogt. 
208.4 
134.9 
157.1 
188.3 
8X.1 

lll'.3 
331.6 
94.5 
97.7 
170,3 


Kilogr. 
1.007 
0.523 
0.716 
0.583 

o'.sss 

0.318 
0.345 
0.330 
0.266 


XOogr. 
103.4 
80,5 
73.7 
139,8 
155,3 
159,3 
103.0 
63.4 
84.1 
S8.6 
152.3 


Kilogr. 
0.608 




Maple 






0.406 












Elm 





















The lugheat ooeCBcient of elaatidtj it 
than 400,000 pounds per Hquaie inch. 



a for beech, and this is leas. 



15. BBDiABK. — The value of E, -which is used in practice, is 
not the coefBcient of. perfect elasticity, but it is that value which 
is nearly constant for small strains. In determining it, no ac- 
coimt is made of the set. If the total elongations were propor- 
tional to the stresses which produce them, we would use the 
value of E found by them, even if the permanent equalled tlie 
total elongations. But in practice the permanent elongatioia 
will be small compared with tlie total for small s 



APPLICATIONS. 

1 6. TO FIND THE ELONOATIOK OP A. PBRiaATI€ BAB 
SUBJECTED TO A I.ONG1TUDINAL 8TBAIN WHICXl 18 "WITH- 
IN THB BLASTIC LIMITS. 



From {!) we have 

""-EK " " ■ 

which is the required formula. 
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.8 THE EESiaTANOK OF JfATEBIALS. 

Also from (1) we have 



P = -^EK (3) 

Equations (1), (2), and (3) are equally applicable 
to compressive strains, as will hereafter be shown. 
If in (3) we make K=:l and >>-=l we shall have 
P = E ; hence, the coefficient of elasticity may be de- 
iined to be a force which will fiongate a bar whose 
section is unity, to double its original length, pro- 
' led the elastici^ of the material does not change- 
* But there is no material, not even a perfectly elastic 
body, — as air and other gases, — whOse coefficimi of 
elasticity will not change for a perceptible change of volume. 
The material may not lose its elasticity, but equation (1) only 
measures it for small displacements. To illustrate further, let 
it be observed that, according to Mariotte's law, the volumes of 
a gas are inversely proportional to the compressive (or exten- 
sive) forces ; double the force producing a compression of half 
the volume ; four times the force, one-fourth the volume, and 
so on, — the compreseions being & fractional part of the original 
volume ; biit in equation (2), a is a linear quantity, so that if 
one poimd produces an extension (or compression) of one inch, 
two pounds would produce an extension of two inches, and 



Swunpia—l. If the coefficient of elaatioity of iron bo 35,000,000 lbs., 
what must be the section of an iron bar 60 feet long, so Uiat a wei^^ of S,000 
lbs. Bholl eloi^ate It \ inch ? 
Pi 
From ^) weolrtain K = - which by sabetihition becomes 

5,0O0,lSx8O 

^ = 26;ooo;ooe7i = ^-^^^ "^""^ ^'=^^'- 

S. How gieECt e. weight will a brass wire enatain, whose diameter is 1 inch ; 
ooeffldent of elaetidty is 14,000,000 lbs., without eloi^ating it more than -^g 
of its length.? Ana. 18,TM.51b8. 
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Let I = the whole length of the bar before elon- 
gation or compression, 
X = variable distance ^= Ab, 
die ^ho =■ an element of length, 
w r= weight of a unit of length of the bar, 
"W := weight of the bar, and 
P, = the weight sustained by the bar. 

Then {l — x) wi + P, ^ P := the strain on any 
section, as bo. 

Hence, from equation (2), we have 



#. 



■/' 



p,+ g- 



'Ldx 



_ P.; + iK>e 

EK 



'. the i»tal length will become, 



l±\- 






(5) 



If P, ~ 0, X = 2pT7 = 2EK' °^ *^^^ ^'^^^^ elongation is one- 
half of what it would be if a weight equal to the whole weight 
of the bar were concentrated at the kwer end 

Eequieed the Elokgation (oe Compeession") of a Cohe in a 
Vertical Position, caused bt ns own Wei&ht when it is sus 

PKNBED at its EaSE (oK BESTS ON ITU BaSB) 

Take the origin at the apex before i/jjgJ MI..J.L6 
extension, . Fig. 8, and ^^ ™" 

let K =: any section, 

Kj = the upper section, 

I = the length, or altitude of 

the cone, 
ic = the length or altitude of 
any portion of the cone, 
and 
B = the weight of a unit of volume. 
Then, because the bases of similar cones 

of their altitudes, K — K„ -= 




3 as the squares 
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ZU THE EEeiSTASCE OP MATERIALS. 

The volume of the cone whose altitude ie at 

=/,"»=/.'£. I <fe= IK. ^ 
and the weight of the same part 






IBP 



.: (from equation (2) ) X = / ^ ^^ _ _ _ 

J 

from which it appears that the total elongation is independent 
of the transverse section, and varies as the square of the length. 

1 8. THE WORK OF EI.ONC1ATIOK. — If P be the force which 
the work, and x the space over which it works, then the 
for the work is 



XJ=f'pdx 



?0 apply this b 
I make dx := d 



To apply this to the prism, substitute P from Eq. (3) in (6), 
and make dx =^ dx, and we have 



which is the same result that we would have found by suppos- 
ing that P was put up by increments, increasing the load gradu- 
ally from zero to P. 

Mmviple.—Jl the coefficieat of elasticity of wrouglit iron be 38,000,000 lbs., 
and is espauded 0.0O0O0G98 of its length for one degree F., how mucl work is 
done upon a priamatic bar whose section is one inch, and lei^h 30 feet, by a 
change of 30 degrees of temperature ? 

WaUb of buildings which were sprung outward have been drawn into an erect 
position by heatii^ and cooling bars of iron. Several rods were passed through 
tl^e buildings, and eitending from waJI to wall, were drawn tight by means of 
the nubs. Then a part of them were heated, thna elongating them, and the 
nuts tightened; after which they were allowed to cool, and the contraotlon 
which resulted drew the walla together. Then the other rods were treated in 
a similar manner, and so on alternately. 
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19. VBBTICAE. OSCILLATIONS— If a bar Aa, Fig. 9, 
witli a weigM, P, suspended from its lower end, be pressed down 1 
bj the hand, or bj an additional weight from ato b, and the addi- 
tional force be soddenl; removed, the end of the bar on retnming 



it stop at a, but mill j 

taaoe ck = ab. From a principle 

force equals twice the work, we i 



neglected. The we^ht P 
tremit; is at (t, at which point 
dinates. 



point above, as c, a dis- 

Mechftnics, via. , that tie Heing 

i enabled to determine all the 

wlieit tlie weight of the bar is 

that its lower es- 

will take the origin of co-or- 



i 



Let \ =ab = the elongatioa caused b7 the additional foroe, 
X = ad^^ any variable distance from the or^(in, 
V = the velocitj at any point, as d, and 
H = the mass of the weight P. 

If the weight of the rod be very Bmall compared with P, the 



lS.v^ = 



—v' very nearly. 



The work for an eloi^[atioft equal to X, is by Eq. (7), - 




for half am [»cillatIon ; and the time for a whole oscillation is 

'■^'VjSk = 'V Ti 



(8) 



hraice the oscillations will be iBOohronous. 

It is evident that by applying and removing the force at regular intervals, the 
amplitude of the osinllattons may be increased and posslUy produce rupture. 
In this way the Broughtou suspenaion bridge was broken.* 

Aa a aeoond example take the ease in which P is applied suddenly to the end 
of the rod. It is evident that the total elongation will be greater than X,— the 
permanent elongation. For the fundamental equation we may use another 

• Mr. E. Hodgkinson, in the 4th volume of the MatuAeater PMlosopJUeai 
Transactma, gives the droumBtances of the failure, from this cause, of the 
Eospeosion bridge at Broughtou, near Manchester, England. And H. Navier, in 
hig theory of suspension bridges {PoaU Saapendia, Paris, 1823), states that 
the duration of the osciUation of chain bridges may be nearly six seconds. 
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THE EB818TAHCB OF MATEBIAL8. 



prindpla in Medumios, which wghb hoTe been used in the preceding problem, 
Tiz. , thst the moBS multiplied bj tiie Booeleration equals Uie movliig foroe. The 

BKJe 
resisting force loi an ekmgatlon !b is —7- (See £q. <3) ), and the moving force i» 



'-^'f 



y^TI 






Hence, the ampEtude ia twice the permanent elongation. If a = S* we have 
( = It \l — ™ = IT / — . InvestJgationB of this kind give rise to a divi- 
sion of the Hubject-oaJled Bedl/uviuse of Prisma. 

The investJgationB ore interesting, but the reanlte are of little nse bejond 
those whioh have alxeadj' been indicated. From the last problem we see that a 
weight suddenly applied produces twice the strun that it would if applied 
gradual^. 

As additional exercisea for the stndenfc, I au^eat the following : Buppoae the 
weight be applied with an initial velocity. Suppose a weight P is attached to 
one end, and tie weight P' is placed suddenly upon it ; or it falls upon it. 
To find the velocity at any point in terma of t, — also * in terms of (. 

If a weight W is suspended at the end, and another weight Wi falls from a 
height A, giving rise to a velocity «, we have for the conuaon velocity of the 
™" [Of 



bodies after ij 


npaet,if both 


are non-elastic, 


,T = 




and the ew 


both win be 












WP: 


ff(W,+-W) 


which equals' 


-r 


X-, or twice the work. 



■> V EK' 



This is only an approiinuite value, for the inertia of iiho wire is neglected. 

90. TiscosiTioF SOI.1D9. — Experiments showthat the prin- 
ciple of equal amplitudes, referred to in the preceding article, is 
not realized in practice. This is more easily observed in trans- 
verse vibrations. The amplitudes grow rapidly less from the 
first vibration, and the diminution cannot be fully accounted for 
by the external resistance of air. Professor Thompson of Eng- 
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land has ahown that there is an internal reeistanee which opposes 
motion among the particles of a body, and is similar to that 
resistance in fluids which opposes the movement of particles 
among themselves. Hetherefore called it ■ywco**^^.* He proved: 

1st. That there was a certain internal resistance which he 
called Viscosity, and which is independent of the elastic pro- 
perties of metids ; 

2d. That this force do^ not affect the co-efficient of elasticity. 

The law between molecular friction and viscosity was not 
diseovei'cd. 

The viscosity was always much increased at first by the in- 
crease of weight, but it gradually decreased, and after a few 
days became as small as if a hghter weight had been applied. 
Only one experiment was made to determine the effect of con- 
tinual vibration ; and in that the viscosity was very much in- 
creased by daily vibrations for a month. 

This latter fact, if firmly established, will prove to be highly 
important ; for it shows that materials which are subjected to 
constant vibrations, such as the materials of suspension bridges, 
have within themselves the property of resisting more and more 
strongly the tendency to elongate from vibration. Experi- 
ments will be given hereafter which tend to confirm this fact, 
when the vibrations are not too frequent or too severe. 

But the true viscosity of solids has been fully proved by Mr. 
Tresea, a French physicist, who showed that when solids are 
subjected to a very great force, the amount of the force 
depending upon the nature of the material, that the particles in 
the immediate vicinity of pressure ysilljloiv over each other, so 
as to resemble the flowing of molasses, or tar, or other viscous 
fluids. Thus, the true viscosity differs entirely in its character 
from the property recognized by Professor Thompson. 



EE8I8TAN0B TO EUPTUEE BY TENSION. 
SI, noDtiLiJS OP STRENCTH. — Many more experiments 
have been made to determine the ultimate resistance to rupture 
by tension, than there have to determine the elastic resistance. 
In the eerher esperimenta the former was chiefly sought, and 
more recentlyall who experimented upon the latter also deter- 
mined the former, 

• Civ. Ei^. Jour., vol. 28, p. 833. 
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24 TOE EESIBTANCE OF MATERIALS. 

The force which is necessary to pull asunder a prismatic bar 
whose section is one square inch, when acting in the direction 
of the axis of the bar, is called the modulus of strength. This 
we call T, It expresses the tenacity of the material, and is 
sometimes called the absolute strength and sometimes modtdus 
of tenacity. 

S3. FOKmCLA FOB THE 0IODVLITS OP STRENCJTB; or the 

force neeessary to lyreak a prismatic hair, when acted upon hy 
a tensile strain. 
Let K=the section of the bar in inches, 
T=the modulus of tenacity, and 
P=the required force. 
It is proved by experiment that the resistance is proportional 
to the section ; hence 

P=TK (9) 

.-. T=| (10) 

From (10) T may he found. In (10) if P is not the ultimate 
resistance of the bar, then will T be the strain on a unit of section. 
From (9) we hare 

K=? (11) 

which win give the section. 

The following are some of the values of T which have been 
found from experiment by the aid of equation (10). 

CoheaiTe force or Tenaoify 
in pounds per square inch. 

Ash {English) 17,000 

Oak {English) 9,000 to 15,000 

Pine {pitch) 10,500 

Cast Iron * 14,800 to 16,900 

Cast Iron { Weisbach <& Overman) . 20,000 

"Wrought Iron 50,000 to 65,000 

Steel wire 100,000 to 130,000 

Bessemer steel t 130,000 to 129,000 

" " t 72,000 to 101,000 

Bars of Crucible Steel § . . . . 70,000 to 134,000 
The most remarkable specimen of cast steel for tenacity which 

* Hodgkinson, Bridges. Weale, aup., p. 35. 
t Jour. Frank. Inat. VoL 84, p. 306. 

X Also experiments by Wm. Fairbairn, Van NoBtrand's Be. En. Mug.. Vol. 
I., p. 278. g Do. p. 1009. 
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is on record, was manufactured in Pittsburgh, Pa. It was 
tested at the Navy Yard at Washington, D. C, and was found 
to sustain 242,000 pounds to the square inch 1 * 
For other valura see the Appendix. 

33. A vertical j>Hsm-atie iar is Jitieed at its i^pper end, and 
a weight P, is suspended at the othefr ; what must he the wpper 
section, at A, Fig. t^ so as to resist n ti/mes all the weight helow 
it, the weight of the ia/r being considered? 

Let i = the weight of a unit of volume of the bar, and the 
other notation as before. 
ThenKT = nF^+niKl. ] 

.: K = ^, (12) 

p 

If n = 1, K =: srAr i ^^^ iill^T, K= oo, or no section is pos- 
sible, and I — 

34. BAK OF cNiFOKRr 8TBKNGTH. Sujtpose a haT is 

fixed at its upper extremity. Fig. 10, a-nd a weight P, is sus- 
pended at its lower extremity ; it is required to fi/nd the form 
of the ha/r so that the horizontal sections shall iepr&portional to 
the strains to which they a/re svhjected — the weight of the ha^ 
being considered. 

Let 3 = weight of an unit of volume, 
"W" := weight of the whole bar, 



K„ 



-P,- 




K, = the upper section, 
K ^ variable section, and 
x = variable distance from B upwards. 
Also let the sections be similar : 

Then P = P, + ^ fK dx= strain on any section, 
as D C. But TK is the ability to resist this strain ; »!«■ ^^■ 
■ ' ■^' "*" ^f^^ = TK. Differentiate this and we have 
S K dx= TdK 
or _ ^ _ which by integrating gives 

I 

-rp-3! = Nap.logK + C (12a) 

• Am. R. R. Times (Boston), Vol. 20, p. 306. 
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THE EESI8TANCB OF MATERIALS, 



But for « = 0, we have K = K, .-. C = — Nap. log K, = - 

Nap. log £i. HencBj Eq. (12a) becomes^ a; = Nap. log K; o: 

paasmg to exponetiale, gives ^^ = ^ 



■.K-. 



= E,.^=-|'J 



For the upper section K = Kianda!= l.-.'K., ■ 



(13) 



T 



, / Kdx^) I . 



<&=P,(«''-1)- 



(14) 



(15) 



Biample. What must be the upper seotioa of a WTOti^ht-iron shaft of nni- 
fona rsBistanoe 1,000 ft. long, bo that it will aaSelj sostain its own weight and 
73,000 Iba. 

Let T = 10,000 IbB., and 

3 = 0.27 lbs. per cubic inch. 

Then Eq. (11) gives K, = 7.5 sq. inches, and 

equation (14) gives K, = 10.37 inches. 
In these formulas the form, of section does not appear. For 
tensile strains, the strength is practically independent of the form, 
but not so for compression. When it yields by crushing, the 
influence of form is quite perceptible, but not so much' so as 
when it yields by bending under a compressive strain. The 
latter case will be considered under the head of flexure. 



AS. STRAINS IN . 




CLOSED CTLIMDBB. 

H a closed cylinder is subjected to 
an intffnuil presBwre, it will tend to 
burst it by tearing it open along a 
rectilineal element, or by forcing the 
head off from the cylinder, by rup- 
turing it around the cylinder. First, 
consider tlie latter case. The force 
which tends to force the head off is 
the total pressure upon the head, and 
the resisting section is the cylindrical 
annulus. 
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TENSION. 27 

Let D = the external diameter, 
d =■ the internal diameter, 
p = the preaBure per square inch, and 
t = the thickness of the cylinder. 
Then J^c^^^the pressure upon tlie head ; 

i™(D''— (?)=the area of the cylindrical amiulus; 
i*T(D"— (?)=the resistance of the annulus ; and, 

Hence, for equilibrium, 

or,d'j>=2Tt(D+a)=4T{f-i-dt)- ■ ■ (16) 
whidi solved giyes t= (—1 + \/i +^\~ • - ■ (17) 

Next- consider the resistance to longitudinal ruptuiiog. As 
it is equally liable to rupture along any rectilinear element, 
suppose that the cylinder is divided by any plane which passes 
through the axis. The normal pressure upon this plane is the 
force which tends to rupture it, and for a unit of length ia 



and the resisting force is 

2T^, 
hence, for equilibrium, 

2Tt=pd (18) 

The value of t from (18) divided by that of t from (16) gives 
the ratio . > and since D always exceeds d, this ratio is greater 
than 2 ; hence there is more than twice the danger of bursting 
a boiler longitudinally that there is of bursting it around an 
annuhis when the material is equally strong in both directions. 

The last equation was established by supposing that all the 
cylindrical elements resisted equally, but in practice they do 
not ; for, on account of the elasticity of the material, they will 
be compressed in the direction of the radius, thus enlarging the 
internal diameter more than the external, and causing a corre- 
sponding increase of the tangential stress on the inner over the 
outer elemente. In a thick cylindrical annulus it is necessary 
to consider this modification. 
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a» THE BESIBTANCE OF MATERIALS. 

To find the vaeytng law of tangential btbains, let D and d 
be the external and internal diameters before pressure, and 
D+s and d-'t-y the oorrespondmg diameters after pressure. 
Then, as a first approximation— which is near enough for prac- 
tice — suppose that the volume of the annulus is not changed, 
and we have 

i*(D--^=i*(D+2)'-i^((Z+y)' 

or, Dz—dy nearly (19) 

But the strain upon a cylindrical filament varies as its elon- 
gation divided by its length; see equation (3). Hence the 
strain on the external annulus, compared with the internal, 
is as 

■<i(T)+s)—irIi ^r(S+y)—.xd z y 

^D ^ W "^ ^^T>^°d 

which combined with (19) gives 

d 1 

^a to J or as tr to D", or as r* to R' 

where r and E are radii of the annulim. 

Hence, the strmn vanes inversely as the square of the dis- 
tanee from the axis of the cylinder. 

To FIMD the total RESISTANCE, let 

X = the variable distance from the axis of the cylinder, 

T = the modulus of rupture, or of strain, and 

t = the thickness of the annulus. 

Then Ttic is the strain on an element at a distance r from 
the axis of the cylinder, or otherwise upon the inner surface of 
the cylinder ; and according to the principle above stated, 

T— ■ dx is the strain on any element, and the total strain on both 



■' / a!- — ''r+t 



li t = r, thJB becomes 

T( 
which compared with equation (18) shows tlrnt when the thiek- 
nesB ei^aals the radius, the resistance is only half what it would 
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TENSION. 29 

be if the material were non-elastic. In (20) if t is small com- 
pared with r, it becomes 3Ti nearly, which is the same as 
equation (18). 

If the ends of the cylinder are capped with hemispheres, the 
stress upon an elementary annulus at the inner surface is 
2*Trt?3!,* Proceeding as before, and we find that the total 
stress necessary to force the hemispherical heads oif is 

^'T^^ (21) 

which is also the stress necessary to force asunder a sphere by 
internal pressure, when the elasticity is considered. 

If cylindei-s are formed by riveting together plates of iron, 
their strength -will be much impaired along the riveted section. 
The condition of the riveted joint will doubtless have much 
more to do with the strength than the compressibility of the 
material, and will hereafter be considered. 

• T. J, Eodman sayg the remtamce en ait/y etementtM^ anivtdvf is Tituxt^ 
(Exp. on metel for caimon, p. 44) ; liat it appears to roe that^ to make Wa 
espreHSlon correct, T must be the modoltis at any element considered, acd 
henoe variable, whereas it should be oonataat. The strain on any elementary 

r* 
annulna whoHe distance is x from the centre of the sphere, is TStjyie, -^ = 

3iTr^ — ; and the total resistance is the integral of this ezpressioD between 

the limita of r and r+t. 
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THE KESIBTAHCE OF MATBEIALS. 



' WM. FAIBBAISS. 



DeKripHonot 


LegUw. 




TMckaeMln 

iDOhM. 


Miuiuvlncb. 


BunHng pr»- 
ante in llH. pot 
Bqnsre Inch ol 


FUnt-glaes. 


4.0 X 8.98 
iO X 3.98 

4 
45 >c 4.85 


0.024 

0!038 
0.056 
0.0S9 


84 
93 

160 

193 


3501 
3730 
3947 
6H35 
3864 



4,fl.'i 


X 5.0 


4 95 


x5.0 


40 


K4.05 


4.0 


X 40S 



0.031 
0.018 
0.020 



The following table exhibits the tensile strength of cylindrical 
glass bars ttccording to the experiments of Fairbaim : — 





^■^S"-" 


BreaHng w^Bht in 


Tenaolts- per squan 


Annealed Sint-glasa. , . 


10.355 
1 0.106 
0.320 
0.839 


583 
354 
639 
6S3 


3388 
8540 


Crown-glaas 


3546 
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Ae might have been anticipated, the tenacity of bars is much 
less than globes ; for it is difficult to make a longitudinal strain 
without causing a ti-ansveree strain, and the latter would have a 
very Berioufi effect ; it is also probable that the outer portion of 
the annealed glass is stronger than the inner, and there is a 
larger amount of surface compared with the section, in globes 
than in cylinders. 



RIVETED PLATES. 

37. HiTBTED ri,ATBs are used in the conetructicm of boil- 
ers, roofs, bridges, ships, and other frames. It is desirable to 
linow the best conditions for riveting, and the strength of riveted 
plates compared with the solid section of tlie same plates. The 
common way of riveting is to ^unoh holes through both plates, 
into which red-hot bolts or rivets are placed, and headed down 
while hot. The process of punching strains, and hence weakens, 
the material. A better way is to iore the holes in the plates, 
and then rivet as before. 
The holes in the separate 
plates should be exactly 
opposite each other, so that 
there will be no side strain 
on the plates caused by 
driving the rivets home, 
and to secure the best ef- 
fects of the rivets them- 
selves. They are some- 
times placed in single and 
sometimes in double rows, 
and experiment shows that the latter possesses great advantage 
over the former. Experiments have been made upon plates of 
the form shown in Fig, 12, both with lap and butt-joints, and 
with single and double rows of rivets.* 

• Land, Phjl. Transactions, part Sd, 1850, p. 677. 
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TEE BESIBIAHCE OF MA.TEBIAI.S. 



ToAU eltomng ViB'tilirength of single and doubU rieeted platei. 



stT?i^h of Biiiei&^vBf 

of equaJ section to tt 
taken through the Hi 



B Btreaethof doabLe-rlvetedM^ti 

taken IhroaKh the line of rlv- 
BreokiD^ weight ij) lb«. 



53,879 
53,879 



It will be observed that in double-riveting there is but little 
lose of strength, while there is considerable loss in single-rivet- 
ing. In the preceding experimentB the solid section of the 
plates, taken through the centre of the rivet-holes, was used ; 
but, as Fairbaim justly remarks, we mnst deduct 30 per cent, 
for metal actually punched out to receive the rivets. But as 
only a few rivets came within the limits of the experiments, 
and as an extensive combination of rivets must resist more 
effectually, and as something will be gained by the friction 
between the plates, it seems evident that we may use more than 
60 per cent, of the strength of riveted plates as indicated above. 
Fairbaim says we may use the following proportions : — 

StrenglJi of plates 100 

Strength of double-riTeted plates 70 

Strei^tli of single-riveted platea 66 

Size <md distribution of rivets, — The best size of the rivets, 
the distance between them, and the proper amount of lap of the 
plates, can be determined only by long experience, aided by 
experiments, Fairbaim gives the following table as the results 
of his information upon this important subject, to make the 
joint steam or water tight : — 
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Tabu shovting the ttrotigeid forms and bed proparUoim of Hvetsil joints, as ^edt 
from experiments and actual praeiice. ( Usefid Informatwn for MngiTU 
Ist Series, p. 285.) 



Thlckneseot 


DlamefwDf 


ri.^C"*tte 


.,^^1. 




rivflCed jolnU 
IninoHaB. 




inahea. 


head in uiohflB. 


ineh™. 


joinwmlaoliM. 


feio-fg 


3 t 


4^ 


6t 


6t 


lot 








G t 






'% 








8M 


8H 


Atoii 


lit 


" 




4it 


63 1 



38. 

In obtainiug BpecimenB for these experimenta, eare was gen- 
erally taken to have them cut in different directions of the roll- 
ing, longitudinally and transversely, and in some cases dm^- 
ormlly, to that direction. The table will be found to indicate 
the direction of slitting in each case, and the comparison con- 
tained in the table is given to show what information the in- 
quiry has elicited. 

The comparison is made principally on the rmrtimwrn, strength 
of each bar, being that which can alone be rehed on in practice ; 
for if the strengtii of the weakest point in a boiler be overcome, 
8 obviously nnimportant to know that other parts had greater 
In one ease, however, two bars, one cut across the 
direction of rolling, and the other longitudinally, were, after be- 
ing redneed to uniform size, broken up cold, with a view to this 
question. The result showed that the length-strip was YiV per 
cent, stronger than the one cut crraswise, considering the tenacity 
of the latter equal to 100, Of the other sets, embracing about 
40 strips cut in each direction, it appears that some kinds of 
boiler iron manifest much greater inequality in the two direc- 
tions than others. It is in certain cases not much over one per 
cent., and in others exceeds twenty, and as a mean of the whole 
series it may be stated to amount to six per cent, of the strength 
of the cross-cut bars. The number of trials on those cut diag- 
onally is not perhaps sufficiently great to warrant a general de- 
duction ; but, so far as they go, they certainly indicate that the 
strength in this direction is less than either of the others. 

* Bxperimeuts of FranMiu lustita-to. 
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34; THE EESISTANCB OP 

Had we compared tlie mean instead of the least strength of bars 
as given in the table, the reanlt woidd not have differed materi- 
aJly in regard to the relative strength in the respective directions,. 

The boiler-iron manufactured by Messrs. E. H. & P. Elhcott, 
which was tried in all these modes of preparation of specimens, 
gave the following results : 

1. When tried at original sections, seven experiments on 
length-sheet specimens gave a mean strength of 55285 lbs. per 
square inch, the lowest being 44399 lbs., and the highest 
59307 lbs. Fourteen experiments on cross-sheet specimens gave 
a mean of 63896 lbs., the lowest result being 50212 lbs., the 
highest 58839 lbs. ; and six experiments on strips cut diagonally 
from the sheet exhibited a strength of 53850 lbs., of which the 
lowest was 51134 lbs., and the highest 58773 lbs. 

2. When tried by filing notches on the edges of the strips, to 
remove the weakening effect of the sliears, the length^sheet bare 
gave, at fourteen fracturee, a mean strength of 63946 lbs., vary- 
ing between 56346 lbs. and 78000 lbs. per square inch. The 
crOBS-sheet specimens tried after this mode of preparation 
exhibited, at three trials, a mean strength of 60286 lbs., vary- 
ing from 55222 lbs. to 65143 lbs, ; and the diagonal strips, at 
four trials, gave a mean result of 53925 lbs., the greatest differ- 
ence being between 51428 lbs. and 56632 Iba. per square inch. 

3. Of strips reduced to uniform size by filing, four compara- 
ble experiments on those cut lengthwise of the sheet gave a mean 
strength of 63947 lbs., of which the highest was 67378 lbs., and 
the lowest 60594 lbs. 

Cross-sheet specimens, tried after the same preparation, ex- 
hibited, at thirty-three fractures, a mean of 60176 lbs., of which 
tbe highest was 65785 lbs., and the lowest 52778 lbs. No bar 
cut diagonally was reduced to uniform size. 

From the foregoing statements it appears that by filing in 
notches and filing to uniformity, we obtain results 63946 lbs. 
and 63947 lbs. for the strength of strips cut lengthwise, differing 
from each other by only a single pound to the square inch, and 
that by these two modes of preparation the cross-sheet speci- 
mens gave respectively 60236 lbs. and 60176 lbs,, differing by 
only 60 lbs. to the square inch. This seems to prove that by 
both methoifc of preparing the specimens the accidental weak- 
ening effect of slitting had been removed by separating all that 
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portion of the metal on which it had been exerted. Hence we 
may infer that the differences between length-sheet and cross- 
sheet specimens are really and tmly aecribable to a difference of 
texture in the two directions, wMch will be seen to amount, in 
the case of filing in notches, to 6.15 per cent., and in that of 
filing to uniformity, to 6.26 per cent, of strength of cross-sheet 
specimens, 

TaUe of ffie eorwpairathie view of tlM strength of spedmms of ten Mferent 
forU of ioiier and one of bar iron, in the longitucHmM, Prarnv^rse, and cKago- 
nai direction of the roVing, as deduced from the leatt atrmigth of each specimen, 
and the average minimum of each sort of iron, in each c^reeUon, in which it mat 

1 Is , » 



4410* 
E8836 

SB418 



' Hammeced and rolled into platea. 
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36 THE BESISTANCE OF MATEBIALS. 

The Bpecimens from 42 to T4 were partly puddled iron, and 
partly Juniata blooms, hammered and rolled into plate. The 
lengtii and croas-eheet epecimena of these two kinds mtat be 
compared eeparately. 

All the experimentB on No. 228 (croBs) and 230 (length) were 
made at ordinary temperatures with a view to this comparison. 

39. TENSIbB STBENGTH OF TTKOUOHT IKON AT TABIOVS 
TEIUPEBATVBES. 

Mr. Fairbaira has made experiments upon rolled plates of 
iron, and rods or rivet iron, at various temperatures. The for- 
mer were broken in the direction of the fibre and across it. 
The specimen when subjected to experiment was surround- 
ed with a vessel into which freezing mixtures were placed 
to produce the lower temperatures, and oil heated by a fire 
underneath to produce the high temperatures. The experi- 
ments were made upon Staffordshire plates, which are inferior 
to several other kinds in common use. The following table 
gives a summary of the results : — 
Tadle ahmdng the Sesittanee of Staffordsliire Plate» at inherent Tmrvperaturet. 



j 




L 


1 


If 


il 




1 


g.9 


r 


as' 


il 


lUmiirti 




1 


|,S 


1 


hi 








0° 


0.6888 


38,660 


40,009 


49,009 


With. 




60 


0.7836 


31,980 


40,357 




Across. 




60 


0,8400 


37,780 


48,406 


V 44,498 


AcrOBB. 




60 


0.6868 


81,980 


50,319 




With. 




110 


0.6638 


29,460 


44,160 




Across.* 






0.6800 


38,630 


43,088 


f 43,391 


With. 




120 


0.8138 


37,030 


40,636 




With. 




213 


0.8O08 


31,980 


39,935 




With. 




313 


0.6633 


30,800 


45,680 


t 45,005 


Across. 




213 


0.6800 


38,660 


49,500 




With. 




a:o 


0.6433 




44,030 


44,020 


With. 




340 


0.6400 


8i;»80 


49,968 


[ 46,018 


With.f 




S40 


0.6800 


38,630 


42,088 


Across. 




385 


0.6666 


30,730 


46,086 


46,086 


With. 


15 


Scarcely red 


0.6300 


33,520 


88,083 


[34,372 




16 


Dull red 


0.6076 


18,540 


30,513 


Across.J 



• Too liigb ; fractw^ very uneven, 
t Too low ; tore throi^h the eye. 
% Too high ; the spedmeu broke with the Gxst strain. 
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TENSION. 37 

The mean valnes given in the sixth column of this Table 
exhibit a remarkable degree of uniformity in strength for all 
temperatures, from 60 degrees to 395 degrees. The single ex- 
ample at degrees gives a higher value than the mean of the 
others, but not higher than for some of the specimens at 
higher temperatures. At red heat the iron is very much 
weakened. This fact should be noticed in determining the 
strength of boiler-flues, as they are often subjected to in- 
tense heat when not covered with water. 

The experiments upon rivet iron were made with the same 
machine, and in the same manner, the results of which are 
shown in the following table : — 

TaUe shoieing the Beavlts of SkperimenU on Mvet Iron at Diffwmt Tem- 
peratures. 



■ 




1 


S 
1 


fl 


11 






1 


1 


*l 


fi 


\ 


Remulu. ; 


•s 


li. 






is 


5si 




A. 


1 


1 


1 


III 


III 




17 


-80° 


0.3485 


15,715 


63,239 


63,339 


Too low. 


1? 


+60 


0.3485 


15,400 


61,971 


i 62,818 


Too low. 


19 


60 




15,830 


63.661 


Too low. 


30 


114 




17.605 


70,845 


70,845 




31 


213 




30,545 


83,676 


1 






313 


o.isea 


14,360 


74,153 


■79,371 




33 


313 


0.3485 


20,135 


80,985 






34 


350 


0.1963 


18,135 


83,174 


83,636 




35 


370 


0.3485 


30,650 


83,098 






310 


0.1003 


15,820 


80,570 


84,046 




27 




0,1063 


17,185 


87,533 






415 


0.S485 


20 335 




(83,943 




26 


43S 




31,385 


86,056 




30 


Bed heat 





8,965 


36,078 


35,000 


Too high. 



From this Table we see that there is a gradual increase of 
strength from 60 degrees to 325, where it appears to attain its 
maximum. The increase is a very important amount, being 
about 30 per cent. 

It is a little remarkable that the specimen at minus 30 de- 
grees is stronger than the mean of the two at 60 degrees ; but 
we observe, as before, that it is not as strong as some of the 
single specimens at higlier d 
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00 THE EESISTANCB OF MiTEEIALS. 

Mr. Johnaon, when in the employ of the Navy Department, 
in 1844, made some experiments to determine the effects of 
thermo-tension upon different binds of iron.* He took two 
bars of the same kind of iron, and of the same size, and broke 
one -while cold. He then subjected the other to the same ten- 
sion when heated 400 degrees, after which the strain wae re- 
Heved, and the bar was allowed to cool, and the permanent 
elongation noted, after which it was broken by an additional 
load. It win thus be seen that the experiments were not con- 
ducted in the same way as those by^Fairbaim. The following 
table gives the results of his experiments : 

The EeauUs of McpenmenU on Thermo-Te/mon,, at 400' Temperature, 





E 


.1 




ilp, 


i 


1- 




3 


P 


i 


i 
■s 

1 






Tons. 


Tons. 


luohea. 


Per neat. 


Per QCTt, 


Per sent. 


Tredegar, ronnd. . . 


60 


71.4 


1.91 


6.51 


19.00 


35.S1 


Tredegar, round... 


60 


T3.0 


1.91 






36.51 


Tredegai, HquM'e bar 


60 


67,3 






13.00 


18.77 


Tredegar, r'nd, No. f 


58 


68.4 


1.15 


5.368 


17.93 


33.19 


Saliabury, round . . . 


105.87 


131.0 


8.59 


8.73 


14.64 


18,37 


M 


^ 






5.75 


16.64 


33.40 



Remarks. — From tlie two former sets of experiments, pp. 
36 and 37, it appeare that the strength of the iron was in- 
creased by an increase of temperature at the time the bar 
was broken, and by the latter that it was not only increased, but, 
by being subjected to severe tension wliile at a high temper- 
ature, the increased strength was not lost by cooling. It hardly 
seems probable that this increased strength would be retained 
indefinitely, and hence it ie important to know how long it was 
after the piece was cooled before it was broken. 

These results are confirmed by the experiments of the com- 
mittee of the Franklin Institute, as shown by the following 
table. See Journal of the Franklin Institute, vol. xx., 3d series, 
p. 22. 

* Senate Doc., No. 1, S8th Cong., 3d Smb., 1844r-6, p. 639. 
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ABSTRACT OF A TABLE 



OJ Ote eompB^aWee mew of the injl-u 
^n, as ei^ibiUd by 73 eirpeirime, 
at 48 different lernperatwes, fro 
strength of each bar when tried a 
rimenii at the lattm- being 163. 



5/ high temperaturm im. the strength of 
•h 47 different apedm^it of t^at metal, 
3° to 1317° Fahr., compared milh the 
I, the number of eepe- 



Ho. ol the mperi- 


TeniperatnreobMrvea 


StnngCli at oi^usi; 


StiflnBthattheMni- 


meot. 








1 


313° 


66736 


67939 


3 


S14 


53176 


61161 


3 


394 


68356 


71896 


» 


440 


49783 


59085 


10 


S30 


64934 


58451 


15 


554 


54378 


61680 


30 


568 


87311 


76763 


35 


574 


76071 


65887 


40 


733 


67133 


54441 


45 


834 


59319 


55893 


50 


1037 




37764 


es 


1245 


54758 


30703 


59 


1317 


64758 


18913 



SeTnar^.— AcGorAmg to these experiments, as shown in the 
4th column, the strength increases with the temperature to 394 
degrees, when it attains its maximum ; although in some cases 
the strength was increased by increasing the temperature to 668 
degrees. By comparing the 3d and 4tb columns we see that 
the strength is greater for all degrees from 312" to 574° than 
it is at ordinary temperatures, but above 574° it is weaker. 
The experiments on Salisbury iron showed that the maximum 
tenacity was 15.17 per cent, greater than their mean strength 
when tried cold. The committee above referred to determined 
the maximum strength of about half the specimens used in the 
preceding table by actual experiment, and calculated it for the 
othera ; and from the results derived the following empirical 
formula for the diminution in strength below the maximum for 
high degrees of heat : — 

D' = c(l - 80)"' 

in which D is the diminution after it has passed the maximum, 
i the temperature Fahrenheit, and 
c a constant. 
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40 THE EESISTAKOB OP MATEE1AL8, 

This formula appears to be sufficiently exact for all tem- 
peratures between 520° and 131T°. 

30. EFVECTOFSETGRE STRAINS UPON TRi: rLTIinAXE 

TENACITY OF luoN ROUS — ThomaB Loyd, Esq., of England, 
took 20 pieces of If S. 0, ^ bar iron, each 10 feet long, which 
were cut from the middle of as many rods. Each piece was cut 
into two parts of 5 feet each, and marked with the same letter. 
A, B, C, &c., ■were first broken, so as to get the average breaking 
etrain, A2, B2, &e., were subjected to the coi^tant action of 
three-fourths the breaking weight, previously found, for fi.ve 
minutes. The load was then removed, and the rods afterwards 
broken. 

Semltsofffie 



,™. 


..0„„. 


„.„..^. 


Breaking weight in 


Mark. 


Braikliig wpiglie in 


A 


33.75 


A2 


33.75 


B 


80.00 


B3 


83.00 


C 


33. 2S 


C 2 


33.35 


D 


33.75 


D3 


83.35 


£ 


32.50 


B3 


82.50 


F 


83.35 


F2 


33.00 


G 


33.75 


G3 


83.00 


H 


B8.S5 


H2 


33.50 


I 


83.60 


I 3 


32.75 


J 


38.60 


J 2 


83.35 


K 


33.35 


KS 


32.60 


L 


33.25 


L 2 


81.50 


H 


3035 


M2 


38.75 


N 


3435 


N3 


3100 


O 


81.76 


3 


32.50 


P 


39.75 


pa 


81.00 


Q 


38.60 


Q2 


83.75 


B 


83.75 


R3 


83.75 




88.00 


S 2 


83,35 


T 


33.35 


T 3 


81.00 


Mean 


83.67 




33.81 







We here see that a etrain of 25 tons, or three-fourths the 
breaking weight, did not weaken the bar. 



* Fajrbaim, Usefol Infotmatioii for Engmeeis, Pint Series, p. i 
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TENSION. 41 

These experiments indicate that a frame or bridge may be 
subjected to a severe strain of three-fourths of its strength for 
a short time without endangering its ultimate strength, 

3 1 . BPFBCT OF BEPEATED HCPTCBE — The following ex- 
periments were made at Woolwich Dockyard, England. The 
same bar was subjected to three or four successive ruptures by 
tensile strains. They show tlie remarkable fact, that while great 
strains impair the elasticity, as shown by Hodgkinson, yet they 
do not appear to diminish the ultimate tenacity. This fact is 
important, for it shows that iron, which has been broken by , 
tension in a structure, may safely be used again for any strain 
less than that for which it was broken. 

TaUe shooing the efect of Treated Ffactwre on, Iran Bart. 







™.r«P« 


Second 


™-lm,P 






T>«ln™i 
























































tt,fU 
























Inchee. 








iuohEB. 




inobH. 






In. 




In. 




In. 














































































































saw 


0.837B 




























































Defeote 




.83 




aeo 


88.50 


0.08 


1.S6 


«- 


».» 




86. B7 




^.„ 




«... 




1.M 


M«uipr.Bq.in 


24.04 




as,93 




27. W 




«.» 




0.99 ' 



We thus see that while the section is reduced 10j>er cent., the 
strength is a/ppa/rently increased over 20 per cent. It is not, 
however, safe to infer that the strength is actually increaaed, 
for it is probable that it broke the first time at the weakest 
point, and the next time at the next weakest point, and so on. 

We also observe that the total elongations are not proportional 
to the tensile strains, which is in accordance with the results 
of other experiments. 

ANNEALING. 

39. ANNEALING is a process of treating metals so as to make 
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42 THE BEeiSTASOE OF MATERIALS, 

them more ductile. To secure this, the metals are subjected to 
a high heat and then allowed to cool slowly. Steel is softened 
in this way, ao that it may be more easily worked, Campin* 
says that steel should not be overheated for this purpose. 
Some bury the heated steel in lime ; some in east-iron borings ; 
and some in saw-duat. He (Campin) says the best plan is to 
put the steel into an iron box made for the purpose, and fill it 
with dust-charcoal, and plug the ends up to keep the air from 
the steel ; then put the box and its contents into a fire until it 
is heated thoroughly through, and the steel to a low red heat. 
It is then removed from the fire, and the steel left in the box 
until it is cold. Tools made of annealed steel will, in some 
cases, liist much longer than those made of unannealed steel. 

But it appears from the following table that it weakens iron 
to anneal it. 

Table of the atrengOi of Wrmight Iron. Anneided at Different TemperalMrea. 





Strenitthator 




atr^gth at 


sa™gth^ft« 


lutio of ai- 














pansona 








""''"*■ 




1 


57,138 


1037° 


37,764 


65,678 


0.035 


5 


63,774 


1155 


31,967 


43,597 


0.153 


10 


53,040 


1345 


30,703 


38,843 


.353 


15 


48,407 


Sright) welding heat 




38,876 


.301 


17 


73 880 


Low weliJing beat. 




53,578 


.375 






Bright weldmg heat 








19 


89,163 


Low welding teat 




48^44 


.460 



33. THE STRENGTH OF lUOS AND STEEL A]:,80 DEPENDS 

largely upon the processes of their manufacture, and their 
treatment afterwards. The strength of wrought iron de- 
pends upon the ore of which it is made; tlie manner in 
which it is smelted and puddled, the temperature at which 
it is hammered, and the amount of hammenng which 
it receives in bringing it into shape. The same remark 
applies to cast steel. If the former is hammered when 
it is comparatively cold, it will weaken it, especially if the blows 
are heavy ; but the latter, steel, may be greatly damaged, or 
even rendered worthless by esce^ive heat, and it is greatly 
improved by hammering when comparatively cold. For the 
effect of tempering on the crushing strength, see Article 50. 

* Cunpin's " FtacMcal Meohanica," p. 364 
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TENSION. 43 

34. FROLONOBD FUSION OF CAST IRON, — Caet iron ig also 
subjected to great modifications of strength on acconnt of 
the manipulations to which it is or may be subjected in its 
manufacture and preparations for use. The strength in some 
cases is greatly increased by keeping the metal in a fused state 
some time before it is cast. Major Wade made experiments 
upon several kinds of iron, all of which were increased in 
strength with prolonged fusion (see Rep. p. 44), one example 
of which is given in the following 





Tme shming the Effeeta of PrOmged F-u^on. 






Tensile Strength in 


IioiL in. fusion. 


ihour 


17,848 
30,137 
34,387 
34,496 









3S. EFFECT OF REmEi.TiNG OAST IRON. — Eut the greats 
eat effect was produced by remelting. The density, tenacity, 
and transverse strength were all increased by it, witbin certain 
limits. For instance, a specimen of No, 1 Greenwood pig- 
iron gave the following results : — (Eep., p. 279.) 

Table sAoidng the Eg'ecfs of Bemdting. 



N<.lo™n™di»». 


Henley. 






7.033 
7.086 
7.198 
7.301 





















But there is a point beyond which remeltings will weaken the 
iron. Mr. Fairbairn made an experiment in which the strength 



of the iron was increased for twelve remeltings, and then the 
strength decreased to the eighteenth, where the experiment ter- 
minated. In some cases no improvement is made by remelting, 
but the iron is really weakened by the process ; so that it be- 
comes necessary to determine the character of each iron under 
the various conditions by actual experiment 
The laws which govern Greenwood iron were bo thoroughly 
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determined that the results which will follow from any given 
course of treatment may be predicted with much certainty. 
(Eep., p. 245.) 

By mixing grades Nos. 1, 3, and 3, and subjecting them to a 
third fusion, OTie specimen was obtained whose density was 7.304, 
and whose tenacity was 45,970 pounds, which is the strongest 
specimen of cast iron ever tested. {Eep., p. 279.) 

As a general result of these experiments, Major "Wade re- 
marks (p. 243), " that the softest kinds of iron wiU endure 
a greater number of meltings with advantage than the higher 
grades. It appears that when iron is in its best condition for 
casting into proof bars (that is, small bars for testing the metal) 
of small bulk, it is then in a state which requires an additional 
fusion to bring it up to its best condition for casting into the 
massive bulk of cannon." 

36. THE MANNER OF cootiNO also affects the strength. 
It was found that the tensile strength of large masses was in- 
creased by slow cooling ; while that of small pieces was 
increased by rapid cooling. (Kep., p. 45.) 

37. VBM MODCLCS OF STBBNCTB IS MODIFIED, we thuS 

see, by a great variety of circumstances ; and hence it is im- 
possible to assign any arbitrary value to it for any material, 
that will be both safe and economical ; but its value mast be 
determined, in any particular case, by direct experiment, or 
something in regard to the quality of the material must be 
known before its approximate value can be assumed. 

38. SAFE i.iiaiT OF LOADING. — Structures should not be 
strained so severely as to damage tlieir elasticity. According 
to Article 9, it appears that a weight suddenly applied will 
produce twice the elongation that it will if applied gradually 
or by increments. Hence, structures which are subjected to 
shocks by sudden applications of the load, should be so propor- 
tioned as to resist more than double the load as a constant 
dead-weight without straining it beyond the elastic limit. 

This method of indicating the limits, suggested by M. Pon- 
celet, is perfectly rational ; but, unfortunately, the elastic limits 
have not been as closely observed and as thoroughly determined 
by experimenters as the limit of rupture. The latter was for- 
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TENSION, 45 

merly considered more important, and hence furnished the 
basis for determining the safe limit of the load. Observations 
on good constructions have led engineers to adopt the following 
valura aa mean results for permanent strains on bars : — 

For wood, A (The load wMch would 

For wrought iron, I to U produce rupture. 

i< or cast iron, i to i ) 

Purther observations will be made upon this subject in the 
latter part of tMa volume. 
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THE BESISTAHCE OT KA,TEBTAT,B. 



CHAPTER II. 

C0MPKES8I0N". 

38. RESISTANCE TO coHFBESsio?^ also di^des itself into 
two general problems — elastic and tdtimate. The law of elastic 
resistance for compression may be as readily f oimd as that for ten- 
sive resistance ; but the law of resistance to crushing is very com- 
plex. If the pieces which are subjected to this stress are long, 
they will bend under a heavy stress, unless they are confined, and 
when they bend they break partly by bending and partly by crush- 
ing. If the pieces are very short, compared with their diameter, 
they may be crushed without being bent ; but even in this ease, 
with granular substances, the yielding is more or less peculiar, 
dividing ofE in pieces at certain angles with the hne of pressure. 
The results of some experiments will now be given, which will 
enable us to test the prevailing theories upon this subject, 

ELASTIC EESISTANCE. 
TABLE 
ffunmns Urn con^yres^on, penrumeni get, and aoefflcient of dasticitff * of a eoUd 
\oA ^i/>v CffUMer 10 jncfe« fr>»p and 1.383 isicA (J' 



WefeM per 




Pem^entsrt 


CoeSlcdent of 


tohotlo^h. 


tor^n««t^ 


61861101(1, 


1,000 


O.0O0O90 


0. 


11,111,000 


3,000 


0.OO0170 


0. 


11,824,000 


3,000 


0.000355 


0.0O0005 


11,843,100 


4,000 


0.000330 


0.OO00I5 


13,500,000 


5,000 


a00OS85 


0.000035 


13,987,000 


6,000 


0.000455 


0.000030 


13,189,000 


7.000 


0.000505 


0.000035 


13,861,300 


8,000 


0.000575 


0,000045 


18,818,000 


9,000 


0.000045 


0,000055 


13,953,000 


10,000 


0.000705 


0.000070 


14,196,000 


15,000 


0.001035 


0.0O0170 


14,493,000 


30,000 


0,001305 


0.000300 


14,337,000 


35,000 


0.001835 


0.000495 


13,687,900 


30,000 


0.003380 


0.000830 


13,603,300 
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39. coMPKBssioN OF cAST-iBON. — Captain T. J. Kodmaii, 
in his report upon metals for cannon, page 163, has given the 
reBolte of experimenta upon a piece of cast-iron, which waa 
taken from the body of the same gun as waa the specimen re- 
ferred to on page 11 of this work, the results of which are given 
on the preceding page. 

We obsen'e that the coefficient of elasticity is much less for 
the first strains than for those that follow. It thus appears that 
this metal resists more strenuously after it has been somewhat 
compressed than at first. The coefficient of elasticity is con- 
siderably less than for the corresponding piece, as given on page 
11. The difference is very much greater than that found by 
Mr . Ilodgkinson in the specimens which he used in his experi- 
ments. He took bars 10 feet long, and about an inet square, 
and fitted them nicely in a groove so that they could not bend, 
and occasionally, during the experiment, they were slightly 
tapped to avoid adherence. The metal was the same kind as 
that used in the experiment recorded on page 13. 



TABLE 
Oinng the rmdU of etcperimenU by Mr. Eo^Mraan on ban of a. 



PresaurspBt 


Gompreralon pei 


Inoh of length. 


CoeWrient o( 
elsalioity per 


Brrac !n psrta ol 
P of the fonnuls 










aeeOtta. 






Bqum iBab. 


P— 170,763^0 




A. 


Pmnsnent. 




-36,318*; 


3084.74 


0.0001661 


o!oO00O39I 


13,331,300 


- A 


4139.49 


0.0003340 


0.00001883 


13,764,010" 




6I94.S4 


0.0004981 


0.00003331 


13,443,300 




8S58.98 


0.0006565 


0. 00006371 


13,566,100 




10333.73 


0.00083866 


0.00007053 


13,467,100 




13388.48 


0.00100350 


0.00009058 


13,867,300 


+ ri. 


14463.33 


0,00138036 


0.00011700 


13,353,700 


+ T*7 


16S17.97 


0.00136150 


0.00014358 


13,141,300 


+ T^ 


18583.71 


0.00164318 


0,00017085 


13,058,100 


tt. 


20647.46 


0.00171866 


0.00030685 


13,031,800 


34776.95 


0.00308016 


0.00036810 


11,020 000 


-ih, 




0.00347491 


0.00045815 


11,687,400 


-* 


33030.80 


0.0039450 


0.00060768 


11,333,750 


+ A 


37159.65 


0.003439 
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48 THE EESISTAHCE OF MATEKIAIS. 

In this case the highest coefficient of elasticity results from 
the smallest strain which is recorded. The difference in this 
respect between this example and the preceding one results 
doubtless from the internal etrueture of the iron. Tbe coeffi- 
cient in both these cases is much less than that found for 
other kinds of east-iron, ae is shown in the table of resistances 
in the Appendix. 

Mr, Hodgkinson proposed the empirical formula, — P= 
170,763\ — S6.318>-^,— to represent the results of the experi- 
ments ; and although it may represent more nearly the results 
of a greater range of strains than equation (3), yet there is no 
ige in its use in practice. 



40. COmPBESSION OF ITROTJGHT. IBON. 

Mr. Hodgkinson also made experiments upon bars of wrought 
iron in precisely the same manner as upon those of cast iron, 
the results of which are given in the following 



TABLE 

Giving the residu of ea^eriments by Mr. E. Si 



n bars of vswught iron, 





eacSo/ 


(oAM MUM ten feet long.* 






1st 


Bar, 


SdBsr. 


Weight producing 


8«ctlon=1.0S0 


.i:0S8«i.in. 


8eotlon=1.01fl . 1.03 sq. in. 




Amount of 


ValneciK 


Amonntof 
Compteaalon. 


yalue ot E. 


Ibi 


inch. 


lbs. 






5008 


0-028 


30,796,500 


0.027 


31,864,000 


9578 


0.052 


21,049,000 


0.047 


23,595,000 


14058 


0.078 


31,979,000 


0,067 


24,373,000 


16208 


0.085 


31,343,000 








0.096 


33,156,000 


0.089 


24,108,000 


20778 


0.107 


22,180,000 


0.100 


34,038,000 


38018 


0.119 


33,587,000 


0.113 


23,587,000 


25258 


0.180 


22,095.000 


0.138 


33,679,000 


27498 


0.142 


22,111,000 


0.143 


33,359,000 


29738 


0.153 


31,938,000 


0.163 


31,139,000 


81978 


0,174 


20,079,000 


O.ISO 


19,478,000 


In J hour. 






0.361 




Again after i 










hour. 










Then repeated 






0.328 





" The coefBoienta of elaatidty were computed by the author. 
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COUPEESSION. 



43> OBAFHICAI. REPHBSENTATION. ThCBB tWO CaSeS 

are graphically repreeented in Pig. 13. It is seen from the tables 
that the compressions are quite uniform for a large range of 
Btrains, and hence ec[uation (2), page 17, is applicable to com- 
presBive strains when within the elastic limits. In the case of 
the wrought-iron bars, the first one attains its maximum coefii- 
cient of elasticity for a strain somewhat less than one-half its 
ultimate resistance to crushing, and the second bar at about one- 
third its ultimate resistance. 
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43, OOMFABATITIi BBSISTANCfi OF CAST AND WROUGHT 

IRON. — The coefBcient of elasticity is a measure of the com- 
pressibility of metals. Hence, an examination of the two 
preceding tables show^ that of the specimens used in these ex- 
periments, the cast iron was compressed nearly twice as much 
as the wrought iron for the same strains. An examination of 
the table of resistances, in the appendix, shows that for a mean 
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50 THE BE8ISTANCE Off MATEKIALS. 

value wrouglit iron is coinpressed about two-thirds as much as 
east iron for the same strain. The same ratio eyidentlj holda 
for tension. This is contrary to the popular notion, that cast 
iron is stiffer than wrought iron ; for it follows from the ahove 
that a cast-iron bar may be stretched more, compressed more, 
and bent more, than an equal wrought iron one with the same 
force under the same circumstance, and in some eases, the 
changes will be twice as great. One reason why cast is con- 
sidered stiffer than wrought iron probably ia, that wrought iron 
does not fail suddenly as a general thing, but it can be seen to 
bend for a long time after it begins to break ; while cast iron, on 
account of its granular structure, fails suddenly after it begins, 
and the bending which has previously taken place is not 
noticed. It is not safe to trust to such general observations for 
scientific or even practical purposes, but careful observations 
must be made, so that all the circumstances of the case may be 
definitely known. It will hereafter be shown that the ultimate 
resistance to crushing of cast iron is double that of wrought 
iron, and yet Fairbaim and other English engineers have justly 
insisted upon the use of wrought iron for tubular and other 
bridges. For, without considering the comparatively treacherous 
character of cast iron when heavily loaded, it appears that 
within the elastic limits (and the structure should not be loaded 
to exceed that), a wrought iron structure is stiffer than a cast 
iron one of the same dimensions, and will sustain more for a 
given compression, extension, or deflection. 

44. comFBGSSiON OF OTHER ITIATERIAI.8, — All materials 
are compressible as well as extensible, and it is generally 
assumed that their resistance to compression, within the elastic 
limits, is the same as for extension ; but, as haa been seen in 
the previous articles, this is not rigorously correct. Indeed the 
same piece resists differently under difi^erent circumstances, 
depending upon its temperature, the duration of the strain, and 
the suddenness with which the force is applied. But these 
changes are not great, and the mean value of the coefficient of 
elasticity is suftieiently exact for practical cases. 

ULTIMATE STRENGTH. 
43, moDTTLUS POR CRUSHING. — The modulus of resistance 
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C0MPKE3SI0N. 51 

s the pressure which ia necessary to crush piee^ of 
a material whose length does not exceed from one to five 
times its diameter, and whose section is unity. The Talue 
thus found we call C. It is found by experiment that the re- 
sistance of all substances used in the mechanic arts varies very 
nearly as the section under pressure. Hence, if 
P = the crushing force, and 
K ^ the section under pressure, we have 

P = CK (22) 

46. MOimi.cs OF STRAIN — If the force P is not sufficient 
to crush the piece, we have for the strain on a unit of section 

«.=! 

It is necessary to use short pieces in determining the value of 
C, because long pieces will bend before breaking, and will not 
be simply crushed, but will break more like a beam. 
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63 THE KE9I8TAHCE OF MATEEIAI.8. 

47> BESI8TANOE TO CRUSHING OF CAST-IRON. 

TABLE 

0/ t?ie remdti of ee^enmenU on Vie tendk and ertiMng redataneet of catt iron ef 

variaui Mnds, made by Eaton EodgMnmn." 



Low Moot Iron, No. 
" " No. a 

Clyde Iron, No. 1 

" " No. 3.... 

" " No. 8.... 

Blaenavon Iron, No. 1 

" " No. 3 

" No. I 

Calderlron No. 1.. . 

Coltness Iron, No. 3 . . 

Brymbo Iron, No. 1 . . 

" " No. 3 



" No. 3... 

Stirling, 2d quality.. 

" 3d quality.. 



T. 

13,Q94 
15,458 
16,135 
17,807 



16,734 
14,391 
13,735 
13,378 
14,436 
15,508 
13,511 
14,511 

13,853 



73,193 
75,983 
100.180 
101,831 
74,815 
75,678 
76,133 
76,958 
76,133 
73,684 



1:5-084) 1 . ,,_ 
1: 4-446 P'*^S5 

1;6-438|. -g^p. 

1 ; 5-750' 
l:5-f"' 



[o of tenadtj 



:J^^^ 1:5-953 

; 7-033 I 1 

: 6-123 \ ^ 

; 4-797), 
1 : 4-7S5 f '■ 
1:5-356 , .. 
l:5-533f^-°--- 
1:6-5571- „.„,i 
1 : 6-665 P-^^" 

1:5-216 



: 6-577 
; 4-706 



1:5-186 
1:5-264 
1 : 4-909 ': 
1 : 4963 p ■ -■ ■"-" 

1:5-985 1- ..p,. 
1 : 5-638 p ■ o ell 

1:5-778 ),..,,„ 
1:5-646 J ^ = "^^^2 






Mean ratio 1 : 6 '64 
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In tliis table tlie ratio of resiatancee range from less than 44 
(Clyde, No. 3) to more than 7 {Blaenavon, No. 1). The same ex- 
perimenter once obtained the ratio of 8,493 from a specimen 
of Carron iron, No. 2, hot blast ;* and the mean of several ex- 
periments, made at the same time, gave 6.594. Hence we have, 
as the mean result of a lai^ number of experiments, that the 
crushing reeistance of cast iron is about 6 times as great as ita 
tenacity ; but the extremes are from 4^ to 8^ times its tenacity. 

48. RESISTANCE OF WKOITOHT IRON TO CRCSIIIKCl, — 

Comparatively few experiments have been made to determine 
how much wrought iron will sustain at the point of crushing, 
and those that have been made give as great a range of results 
as those for cast iron. Wrought iron being fibrous, does not in- 
dicate the point of yielding as distinctly as cast iron and other 
granulous substances. 

Hodgbinson gives 0=65000 + 

Eondulet " 0=70800$ 

Weisbach " 0=72000 § 

Eankine " 0=30000 to 40000 | 

Hence it appears that the crushing resistance of wrought iron 
is from J to J as much as its tenacity. 

49> RESISTANCE OF "WOOD TO cRi7SHiiv«. — The resistance 
of wood to crushing depends as much upon its state of dryness, 
and conditions of growth and seasoning, as its tenacity does. 
The following are a few examples :— 



Kind of Wood. 



Oak (EiigUshy. . 
Pine (PfteA).., 




VeiylJry. 



These results, compared with the corresponding numbers i 

* Resistance dei Mat^riaux, Moiin, p. 95. 

t Vose, Handbook of Railroad Constructioa, p. 127. 

j Mahan'a Ci-ril EngineeriDg, p. 97. 

I Weiabaoh Mech. and Bug,, vol, 1., p. 315. 

I EanMn's Applied Meob., p. 333. 
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article 22, show that these kinds of wood will resist from 1^ to 
nearly 2 times as much to tension m to compression. 

50, RESISTANCE OF CAST STEBfc TO CBUSHING. Major 

Wade fomid the following results from experiments upon the 
several samples, all of which were cut from the same bar and 
treated aa indicated in the table.* 



Specimen. 


Leuetta. 




Ctushingln 




1-oai 

0-995 
1016 

1005 


0-400 
0'403 
0-403 

0-405 






354^544 




" Mgli " fortoolsfor 
tummg bard eteel. , . 


873,598 



51 . BESISTAKCK OF CSLASS TO CRCSniNG. — We OWB mOSt 

of our knowledge of the strength of glass to Wm. Fairbaim and 
T. Tate, Esq. According to their experiments we have the 
following results for the crushing resistance of specimens of 
glass whose height varied from one to three times their 
diameter. 





aOlsu. 


Weight per a. 


^J..K 




Cubes. 


Cjlinrten. 




13,130 
20,306 
31,867 


27583 




3i;e76 












18,401 


80,153 





The ratio of tlie mean of the resistances is as 1 to 1-6 nearly. 

The cylinders were cut from round rods of glass, and hence 
retained the outer skin, which is harder than the interior, while 
the cubes were cut from the interior of large specimens. This 

* Beport on Metals for Cuuioa, p. 3S8. 
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may partially account for the great difference in the two sets of 
experiments. The cubes gave way more gradually than the 
cylinders, but both fractured some time before they entirely 
failed. The cylinders failed very suddenly at last, and were 
divided into very small fragments. The speeimens had rubber 
bearings at their ends, so as to produce an uniform pr^sure 
over the whole section. 

•E3. sxRENGTH OF PILLARS. — The Strength of pillars for 
iTudpient^^eamre has been made the subject of analysisby Kuler 
and others, but practical men do not like to rely upon their 
results, Mr, Hodgkinson deduced empirical formulas from ex- 
periments which were made upon pillars of wood, wrought iron, 
and cast iron. The experiments were made at the expense of 
"Wm. Fairbaim, and the first report of them was made to the 
Royal Society, by Mr. Hodgkinson, in 1840. The following are 
some of his conclusions ; — 

1st. In all long piUars of the same dimensions, when the 
force is apphed in the direction of the axis, the strength of one 
which has flat ends is about three times as great as one with 
rounded ends. 

2d. The strength of a pillar with one end rounded and the 
other flat, is an arithmetical mean between the two given in the 
preceding case of the same dimensions, 

3d. The strength of a pillar having both ends firmly fixed, is 
the same as one of half the length with both ends rounded. 

4th. The strength of a pillar is not increased more than ^th 
by enlarging it at the middle. 

To determine general fonnulas, bars of the same length and 
different sections were first used ; then others, having constant 
sections and different lengths ; and formulas were deduced from 
the results. The formulas thus made were compared with 
the results of experiments on bars whose dimensions differed 
from the preceding. The following are the results of some of his 
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EXPEEIMENTS ON eQTJAEE PILIAES. 



the bHTB. 


SWeoftbeaqiiare. 


Crashing Wright, 


Eiponmtolthe 










10 


0-768 
1-51 


1,948 
33,035 




8-57 


10 


100 
1-50 


4,225 
33,035 




417 


7* 


1-53 


10,336 
45,873 




8-69 


n 


0-50 
1-00 






4-08 


5 


0-50 








I -00 


18,038 






3i 










i-oo 


37,313 






Si 


0-503 


4,316 






O'le 


15,946 




S38 






Mean. . . . 


3-591 



The fourdi column is computed as follows : — 
Suppose that the Btrengths are as the x power of the diame- 
ters, then for the first bar we have 



(—A^ 

VO.766-' 



;. 1.987 



i = 3.57. 



The others are computed in the same way. 
An examination of the table shows that when the square 
section is the same the strength varies inversely as the length. 
Thus, of two bars whose cross section is one square inch, the one 
live feet long is nearly four times as strong as the one ten feet 
long. 

Let I — length of one, 
I' = " of other, 
d = diameter of firet one, 
d' := " of the second one, and 
X = the power of the length. 



Then the strength of the first one is, P= constant 
" " " second is, P' = constant 
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4(?)'"=(D" 



in which substitute the values from any two experiments. Thus 
if we take from the table 

V = 10 feet, d' = l inch, P' = i225 lbs., and 
I = 5 feet, d =1 inch, and P = 18038 lbs., we have 
18038 _ 
4225 - ^^ 



Proceed in a similar way with each of the others and take 
the mean of the results for the power to be used. In this way 
was fonned the following 



S'»r the absolute strength ofedvmns. 

In which F = crushuig' we^hts in gro^ tana, 

d = the external diameter, or side of the colnmn in inches^ 
d, — the internal diameter of the hollow in inches, and 
I = the length in feet 



Kind oi Colmna. 


Both enaa nmnaed, the 
length of Ihe mluoin ei- 
oseding tttoea timea Its 


Both ends flBt. thalength o( 
thnea Its diameter. 




P = 119 ^,- 


P = 41.16 -jHi- 


Hollow Cylindrical Columns! 
of cast iron J 

Solid Cjhndrioal Colnmna of 1 


P = 44,34— ^,-4- 
P = 133.75'-jj— 


p = 43 -p— 




P = 10.95 ^ 






Sohd siiuare PiUar of red i 


d^ 
P-7.8hT7 













Tlie above formulas apply only in cases where the length is 
so great that the column breaks by bending and not by simple 
crushing. If the column be shorter than that given in the 
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table, and more than four or five times its diameter, the strength 
is found by the following formula : 

^=PTWK (*^) 

in which P =; the -value given in the preceding tahle, 

K = the transverse section of the column in square 

inches, 
= the modulus for crushing in tons (gross) per 

square inch, and 
'W"= the strength of the column in tons (gross).* 
Experiments have been made upon steel pillars which gave 
good results-t 

S3. WEIGHT OF PILLARS, — From the first formula of the 
preceding table we find 

14.93'^ 
The area of the cross section is J «■ d^, and the volume in 
inches ^ -^rd* I. 
Cast iron weighs 450 pounds to the cubic foot, hence the 

450 450 i^T-hfilM 

weight := j^g xSx^d^x ;=-3ygX 3.1416 x^^^, 

which by i-eduetion gives 

weight = 0.0152803 (p. ^^'^'^T'^ - - - . (24.) 
If P is given in pounds, this coefficient must be divided by 
■2240T-W 

If -the pillar is hollow the section of the iron is ^ t ((? — d'), 
and if n is the ratio of the diameters, so that d,=^nd this be- 
comes 

13 
1 « (f (1 — n*) ; and its volume in inches ^ -j- * iT (1 — n") 1/ 

* James B. Francis, C.E,, has published a set o( tables which gives the 
streugtli of ^fit-Iron coluums, of given dimeusionH, bj meaiiB of equation (23), 
and alao bj those in the above table. 
,,. { London Builder, No. 1311. 
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and its weight in poimds = 



c 3 X "■ (? (1 — n") ^. 



If the value of d from the second equation of the first column 
in the preceding table, be substituted in the preceding equation, 
we find the 



in pounds = 



3)t.H(i 



(p. r-')T-i? 



Proceeding in this way with each of the cases given above 
and we form the following : 

TABLE 

Of the wdgkU in poundu of piSara in, terms of their length in feet, and 





Wslghl in pounds. 


Ki4aotpii]>».. 


l>16-i. 


B»Ui ends flat 
I>SOd. 


SoUd Cylindrioal Ooltunn 
of cast iron. 


O'Oioieis {pj«-")f^^ 


0-00376453 (P.r--^ 


ptr. 










unma of caat iron, 
d,=nd. 






rfr.' 


itn^am 


0-001S49014 (P.i'^)r^ 


O'OOO660638 (P.i"-' 


.,^-„ 


i£n=0-95 


0-0(13549688 (P.P-mjt.^ 


O'OOl 005508 (P.r-" 


,l;*T, 


if»i^0-935 


0003086633 (P.P-")'^^^ 


0'00120«a4 (EP- 


jyir. 


ifn=^0-90 


0-003566870 (P.P^T^"' 


000137552 (P.i'-" 


,,^„ 


if ji=0'87a 


0-003983043 (^.V-^'f^ 


000153393 (P.i-* 


,,*„ 


if ji=0-85 


0043S9367(P.P'")'^"» 


000105855 {P.P' 


jTitr, 


ifa^O-80 


005039546 (p.i»-"jT^ 


0-00189914 (P.i'^ 


,T:t„ 


«-=075 


0-005649247 (P.^V-^"* 


000311348 (,7.7-^ 


)*• 


Solid Cylindrical Colnmm 
of Wrought Iron, 


0-00599673 (P.2'-")^^"' 


0-00301664 (P.P-' 


.,^ 


Square Column of Dant- 
zic Oai. 


(Cubic foot we^rhs 47.24 
pounds.) 


0-000547S91 P 


P 
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If the thickness of the metal (t) and the external diameter 
are given, n may be found ae followe: (Z— 3*=intemal diame- 
ter,hence n^—"—!—-. For instance, if the external diameter 
is 6 inches, and the thickness f of an inch, the internal diame- 
ter is 5i inches and «,=^=0.875. 

The iron used in the preceding experiments was Low Moor 
!No. 2, whose sti-ength in columns is about the mean of a great 
■variety of English cast iron, the range being about 15 per cent, 
above and below the values given above. 

54. CONDITION OF THE CASTING.— Slight inequaHticB in 
the thickness of the eastings for pillars does not materially af- 
fect the sti'ength, for, as was found by Mi. Hodgkinson, thin 
castings are much harder than thicker ones, and resist a greater 
crashing force. In one experiment the shell of a hollow column 
resisted about 60 per csnt. more per square inch than a solid 
one.* But the excess or deficiency of thickness should not in 
any case exceed 25 per cent, of the average thickness. f Thus, 
if the average thickness is one inch, the thickest part should not 
exceed IJ inch, and the thinnest part should not be less than 4 
of an inch. 

It is also found that in large castings the crushing strength 
of the part near the surface does not much exceed that of the 
internal parts. 

SS> EXPERiniBNTS IHADE BT THE NEIT YORK CENTRAI. 

BAiLBoAD coniPANY. — The immediate object of these experi- 
ments was to determine the relative values of different sorts and 
forms of wrought iron of lengths greatly exceeding their dia- 
metere, when subjected to longitudinal compression. The pieces 
were not in all cases broken, nor even materially altered in 
form by the compre^ions to which they were subjected, the 
experiments being generally discontinued as soon as the pro- 
gressive rate of flexure due to a regularly increased load was 
ascertained. 

The testing machine used in the experiments.was designed by 
C. Hilton, and was made at the Company's carpenter shop, at Al- 
bany, by order of the Chief Engineer ; its arrangement and allits 
principal details were afterwards found to be exactly similar to 

• Phil Traiw., 1857, p. 880. f Stoney on Strains, Tol. ii., p. 206. 
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those of the machine used for the eame purpose by Mr. Eaton 
Hodgkinson, at Manchester, England (for a deecription and draw- 
ing of which see " Tredgold on the Strength of Wrought and Cast 
Iron," "Weale, London, 1847), with this difference, that the ma- 
chine made at Albany was of wood, while tiiat used by Mr. 
Hodgkinson was of iron. 



Expekhient No. 1. 
Made lipon a bar of English Grown Iron from the leorka of Hawkea, CrtaBahay 
<e Co., OatesTiead, planed at both ends aiid perfeeUy straight, exaeS^/ S feet iti 
length, and ofcroM aectictn a» iketahed in Fig. 14 




WdghtiwU-ltolte. neflfcfionli 


^.„... 


B«msrb. 


8,568 







3,468 







8,468 




In direction C B. 


10,448 


[1625 




11,738 


0833 




12,778 


13635 




13,778 


1875 






1875 




16,758 


25 




SO,038 







On the removal of the above recorded load, the bar immediately 
resumed its original form, having taken no appreciable set. 
Being once more placed in the machine the results were : — 



Bar bent double in D. 
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EXPEEIMENT No. 



Made uptm, a bar of EngUsh Crovm Iron from the »ome works, planed at both 
ends (Mid perfeetly straight, emeliy 8 feet in length, and ef Vie eross seeti*n 
shtmm Mi Fig. 15, 



Wi^tW^toU*. 


DeBectlon In parts of bd iBcb. 


^.. 


8,588 


.0 




5,468 


.0 




8,178 


.05 


In directioa D. 


10,918 


.075 




18,868 


.1 




16,468 


.135 




19,218 


.156 




81,968 


.1875 




24,678 


.218 




27.478 


.35 




80,348 


.3125 





No more than 30,348 Iba. was placed upon this bar, tlie bar 
being required for use, and the quality of the iron being Tery 
soft and easily bent. 

No appreciable set was found upon the removal of the above 
load. On being placed a second time in the machine, and sub- 
jected to a load of 19,218 lbs., the flexnre was observed to be 
.125 inch, this weight being left on for 43 hours ; on removal 
a permanent set was observed of .01 inch. 
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Experiment No. 



Mad^ v^on a ba/r tf EngUah Crown Iron from the same turyrks, 8 feet long, 
planed at the ends, and cross section, sketched bdow in Fig 16. 



fFia. IB. 



Weighta applied in 11«. DefleoU™ in 


parts of an Inch. 


«— 


2,568 









5,468 


m 




Indirection CD. 


8,178 


168 






10,888 


192 








24S 






■■16,438 








1S,188 


314 








360 






24,648 


Mm 






27.448 


m) 






30,318 


613 







The bar was found, on removing the weights, to be perfectly 
straight. When replaced in the machine the results were as 
follows : — 



WelghM. 


InobBsinCD. 


■"'"-" • 


16,510 


,5625 


.1876 


24,338 


,635 




27,638 


.6875 




30,418 


.73 


.3125 




.875 


.3730 


35,948 


1.000 


.3750 



With 35,948 lbs. the bar bent double after four minutes. 
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EXFEKIMKNT No. i. 



Made vjxtn apiece of EngUsh Crown Iron from, the same leorke, of the «> 
i/ioun in Fig. 17, planed at both ends and emetly 5 feet in length. 






A B. in part, of Deflection In 
Inch. ar 


C D. in parte of 




00 







015 


[) 


4,038 


035 


020 


5,463 






8,238 


083 


083 


10,9e8 


1 


1 


18,678 


1 


135 


16,448 


1 


142 


19,348 


1 


150 






166 


24,708 


083 


166 



On the application of 27,508 Iba. the bar assumed a new 
f(irm, as shown in the figure ; the deflection in the new direction 
i as taking place in x. 





DeflscUon 111 A B. in 






Wright in Ibe. 


pei-teofanin^^h. 


pHrtBofaninch. 


partoofaninoh. 




0.083 


:iea 


.087S 


30.288 


-083 


.166 


.1 


38,058 


.083 


.166 


.135 




.083 


.335 


.1875 


39,228 


Bat bro 


keaiff. 
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EXPEEIMENT No. 5. 



Bar of Angle Ir&n, 6 feet in length, planed at both ends and quite gpraigM, of 
ths (n-o*» seeUan gfunen in Mg. 18, famished Sy ^ Albany Irm Wi^kg, 
Troy, of ordinary quality. 



Weight in Iba. Dafla 


^O..B. 


Deflection C D. 


3,668 


04 






3,038 


09 






OS 


4,038 


08 






15 


6,468 


375 






ss 


8,238 


500 








10,»68 










13,678 


5625 






375 


16,448 


B35. 






375 


19,348 


Broke c 


IT bent double. 



The general deflection in the direction of the arrow could not 
be observed nntil 8,238 lbs. were applied, when it was sncces- 
aively — 

.156, .25, .33, ,5. 

N"o. 6. 

Made upon the bar used in Experiment No. 2. It being pre- 

eiimed that the previous experiment had Bomewhat weakened 

this bar, it was determined to break it. The foUovring weights 



Bar bent iiearl;^ double. 
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THE EESISTANCE OF MATEEIAL8. 



56. COMPRESSION OF TUBES.— BUCK MNC. WrOUght ifOll 

tubes when subjected to longitudinal compressive stresses may 
yield by crashing like a block, or by bending like a beam, or by 
buckling. The first takes place when the tube is very short ; the 
second, when it is long compared with the diameter of the tube ; 
and the last, for some length which it is difficult to assign, inter- 
mediate between the others. 

The appearance of a tube after it has yielded to buckling is 
shown in Figs. 19 and 20. 

The experiments heretofore made do 
not indicate a specific law of resistance 
to buckling ; but tiie following general 
facts appear to be established : — * 

1. The resistance to buckling is al- | 
ways less than that to crushing ; and is 
nearly independent of the length, 

2. Cylindrical tubes are strongest ; 
and next in order are square tubes, and 
then rectangular ones. 

3. Rectangular tubes, ] | , are not as 
strong as tubes of this form [ [ | . The 

and ships are generally rectangular or square 




COLLAPSE OF TUBES. 

S7, THE BCPxtJBE OF TUBES which are subjected to 
great external normal pressure is called " a collapse." The 
flu^ of a steam-boiler are subjected to such an external pres- 
Bure,and in view of the extensive use of steam power, the subject 
is very important. The true laws of resistance to collapsing were 
anbnown until the subject was investigated by Wm, Fairbaim. 
Experiments were carefully made, and the results discussed by 
him with that scientific abihty for which he is so noted. They 
■were published in the Transactions of the Eoyal Society, 1858, 
and republished in his " Useful Inf oi-mation for T 
iee, page 1. 



• CiT. Ecg. aad Arch. Jour., vol xxviii., 
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163 were closed at each end and placed in a strong 
cylindrical vessel made for the pur- 
pose, into which water was ^forced 
by a hydraulic press, thus enabling 
him to cause any desirable pressure 
upon the outeide of the tube. In 
order to place the tube as nearly 
as possible iu the condition of a 
flue in a steam-engine, a pipe which 
communicated with the external air 
was inserted into one end of the tube. 
This pipe pemaitted the air to escape 
from the tube during collapse. 

The vessel, pipe, tube, and their 
connections were made practically 
water-tight, and the pressure indicated 
by gauges. 

Fig. 21 shows the appearance and 
cross-section at the middle of the 
short tubes after the collapse ; and 
Fig. 23 of a long one. Although no 
two tubes appeared exactly alike after 
the collapse, yet the examples which 
I have selected are good types of the 
appearances of thirty tubes used in 
'•■^■'' the experiments. 

'^"'•^- The tubes in all cases collapsed 

luddenly, causing a loud report. In the first and second 
;ubes the ends were supported by a rigid rod, so as to pre- 
i'ent their approaching each other when the sides were com- 
pressed. 
The following tables give the results of the experiments : — 
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Th].kn^ 






Vr^^r. ., 


ITodufitof 


























a. 


K 


eurf«^. 


and^L«.^h, 




A 


1 


0043 


4 


19 


170 


3230 




B 


a 






19 


137 








3 






40 


as 


3800 


10400 


D 


4 






38 


65 


2470 


9880 


E 


5 






60 


43 


3S80 












60 


140* 


2800 






Mean 


2714 


10263 


a 


7 




6 


30 




1440 












29 


47| 














59 




1888 


113S8 


K 


10 






30 


52 


1560 


9360 


L 


11 






30 


65 


1950 












30 


85t 


? 






Mean 


1630 


10796 


N 


IS 


" 


8 


30 


30 


1170 












39 


33 


1248 


9984 


P 








40 


81 


1340 






Mean 


1219 


9754 


Q 


Id 




10 


50 


19 


B50 


9500 


R 








30 




990 


B900 




MeaiL 


970 


B700 


S 


18 




13 '2 


58* 


11-0 


643-7 


7850 


T 


19 




13 




13-5 


760 


9000 


T 


30 






30 


23 


663 


7930 




Mean 


6853 


8356 



a rings soldered bD it, 3D Ij 



IS pTJiQtlcally redudn^ it 



i endi of both wbm trsotniBd, causing collapse, perhaps belora the enter shcl 
is [Ing lisd been Isft In t^r ralstsk^ Chug sauBhig Increued redatonce to ooUapsii) 
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38. DISCUSSION OF BKsiri-Ts.— By comparing the tubes of 
tlie same diameter and thickness, but of difEerent lengths, we 
see that the long tubes resist leas than tlie short ones ; hence, 
the strength ie an inverse function of the length, and an ex- 
amination of the seventh column shows that it is neariy a sim- 
ple inverse function of the length. The first of the 4-inch 
tubes is BO much stronger than the others, it may be neglected 
in determining the law of resista^we, although it differs from a 
mean of all the others by less than -J- of the mean. An exami- 
nation of the several cases indicates that we may safely assume 
that the resistanos to collapsing varies inverse^/ as the len^gths 
of the t\ibm.* 

The mean of the results for the several diameters in the 
last column shows that the resistance diminishes somewhat 
more rapidly tlian the diameter increases ; but this includes the 
error, if any, of the preceding hypothesis. As the power of 
the diameter is but little more than unity, it seems safer to con- 
clude, for all tubes less than 12 inches in diameter, as Fair- 
bairn does, that the resistance of tv^es to collapsing varies in- 
versely as their diameters. 

59. LAW OF THiCKNEss-^Experiments were also made 
to determine the law of resistance in respect to the thickness. 
Comparatively few experiments were made of this character, 
but these few gave remarkably uniform results. One of the 

• A ihoro exact law may be f owid as follows ; — Let P = tte compresaiiig 
force per square inch ; C — a eonstunt for any particular diameter and 
thickoeBa, I = the length, and n the unknown power. Then 



I 
By means of this equation, and any two experiments in which the thickness 
and diameter aie the same, n may be found, and by nsing several experimenla 
a series of values may be found from which the most probable result can be 
obtained. But in this case the mean result is bo near imlty, there is no prao- 
tieal advantage secured by finding it. 
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tubes (No. 24), was made with a butt joint, at 
24, and the others with lapp jointe, as in Fig. 1 



shown in Fig. 





The following are the results of the experiments :— 











L8r«tliiii 


PK™,tBpet 




Prodnot. 




Ho. 


(. 


d. 


inchfa 


aqu=™l™h. 


"^ 


^■Jif" 


w 


31 


0'35 


9 


37 


(450) 


UncoUapaed. 


X 


23 


0S3 


m 






SS620 480375 




23 




9 


37 


263 


B604 89046 


z 


a4 


O'U 


9 


37 


378 


13986 135874 


JJ 




0'125 


m 


60 


125 


7500 108750 



Tubes N(«. 23 and 24 were exactly alike in every respect 
except their joints ; and it appears that the butt joint, No. 24, 
is 1-41 times as strong as the lap joint, a gain of 41 per cent. 
But this is a larger gain than is indicated in other eases ; for 
instance, No, 33, which is also a lap joint, offers a greater re- 
sistance as indicated in the last column, than No. 23, although 
the former is not as thick as the latter. Still it seems evident 
that butt joints are stronger than lap joints, for with the 
former the tubes can be made circular, and there is no cross 
strain on the riTets, conditions which are not realized in the 
latter. 

The resistance of the 23d is so small compared with others, 
it is rejected in the analysis. 

We observe that the resistance varies as some power of the 
thickness ; if then O and n be two constants to be determined 
by experiment, and we use the notation given above, we shall 
have for the pressure of collapse of one tube. 
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P = nr ■•■<ffl'L=i'=<^f - ■ ■ 


. - (M) 


and for another tube 




p, = ^ .■.<p,L.=^. = a,- - 


- - (23) 


Hence we liave 




e. = (i)' 
J), w 

„ „ log. i)- log. i), 


. (26) 


"'" log.<-log.<. 


and C=5 = |i 


- (27) 



TO FIND THE CONSTAIITS 7i AND C. 

The mean of the mean of the values of p from Table I. is 
_?> = -t[10253+10796 + 9754+97004-8256] = 9762and^= 0-043. 

Using these values and othere taken from the preceding 
tables, and the following values may be found for n : — 

In equation (26) make^ = 4S0375, t = 0-25, j>,= 9753, t,= 
0-043; and we get 

log. 0.2& — log. 0-043 
Similailj.tatirig^ = 4803T5,« = 0-26, ^, = 10253, !,= 0-043; 
and we get 

log. 480375 - log. 10263 _ 
" log. 0-26 - log. 0-043 -2-lo»- 

The mean value of ^ for all but tlie 12-ineli tnbeB in Table I. is 
j, = i (10263 + 10796 + 9764 + 9700) = 10126 ; 
hence, using^ = 125874, i = 0-14, ^,= 10126, t,= 0-043 ; and 
we get 

^ log 125874 - log. 10125 _ 
~ log. 0-14 - log. 0-043 -•*"*■ 
and taking ^ =108750, i = 0-125, j>,=10125 and t,= 0-043 ; 
we get 

_ log. 108 750 -log. 10 125 _ 
" - log. 0-125 - log. 0-043 - ^■^''"■ 
and the mean of these results is, n = 2-18. 

Fairbaim made it 2-19 by including some data which I have 
rejected as paradoxical ; I have also given more weight to those 
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cases which gave nearly vmiform results. The difference, how- 
ever, of 0-01 is too emal! to seriously affect practical results. 

To determine the constant, O, substitute the proper values 
taken from the preceding tables in eq^uation (27), and we have 
for four eases the following ; — 

^'=0^S^rT = 9>a98,900. 
(7= i|«^ =9.864,300. 



108750 



: 10,109,400. 



~ 0-125 2- 

The mean of which is C = 9,604,150. CalHng = 9,600,000 
and equation (26) becomes : 



If L be given in feet, so that L = 12Ly, we have 

P = 800,000-J^ (29) 

a. hj, 

The coefficient, 9,600,000, applies only to the kind of iron 
used ; but the exponent, 2-18, is supposed to be constant for 
aU kinds of iron. 

60. roBnrLA for thickness to resist collafsino, 

— Equation (28) readily gives the following eKpTes^onJbrJind- 
ingi ths thickness in inches of a tvhe to resist collapsing ; — 

:-F + ^og-(^-l-) _i.oo. _ _ /.m 



;. 100 t = 



2-18 



61. Ki,i,iPTicAi, TUBES. — Experiments made upon elli^ti- 
col tvbes showed that the preceding formula would give the 
etrength, if the diameterof the circle of curvature at the' extremity 
of the minor axis is substituted for d. The diameter of curva- 
ture is —J-, in which a is the major and h the minor axis. 

Experiments made upon tubes in which the ends were not 
connected by internal rods, showed that the resistance was in- 
versely as their length. 
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63. TEHTf LONc TtFBEs — SoHie experiments were made 
upon B. tube 35 feet long and one 25 feet long. Sufficient pres- 
sure was applied to distort them, but not to collapse them, and 
it was found that equation (28) erred by at least 20 per cent., 
giving too small an amount. It wae, however, very evident 
that the length was still a very important element in the 
strength. 

63. COMPAItlSON OF SXRENCTH PROM EXTERNAI. ANO 

iNTERNAi. PRKsscBB. — Let p he the internal pressure per 
square inch at which the tube is ruptured, then for tubes of the 
same thickness and diameter we have from equations (18) and 
(29), by callmg T = 80,000 Ihs., 

P__ _1_ _li_ 
P ~ 13-33 ;i-is' 
If i) = P, then L = 13-33 (iis. 

lit = 0-25, then we find L = 3-56 feet, that is, a tube whose 
thickness is J of an inch, and whose length is 3-56 feet, is equal- 
ly strong whether subjected to internal or external pressure. 

If the tube is so iJiick that the unequal stretching of the 
fibres must be considered, then equation (20) must be compared 
with equal.ion (29), in which case we have ;— 

£__T_ _^.L, (31) 

P 800,000 (r+!!)ii-i8 

If _p = P, T = 40,000 lbs., BJid2r = d=i inches ; 
then2!!i"«-|-!;«-i8 =:^Lj. 

Iit = i inch, 1 = 5-504 feet. 
If ; ^ 1 " L = 15 feet. 

64. RESISTANCE OF GLASS GLOBES TO COLLAPSING. 

Fairbaim also determined that glass globes and cylinders fol- 
lowed the same general law of resistance. For globes of flint 
glass he found : 

P,=28,300,00oj^ (32) 

and for cylinders of flint glass : 

P,=r40,000~ (33) 

provided that their length is not less than twiue, nor more than 
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six times their diameter. Dividing equation (33) by (28) gives 
F. 0-0770 . 

p —(0-19 

P 

If ; = 0-043 in., p = 0-896 ; or the glass eylinder is nearly ^ 

as strong as the iron one. If they are equally strong, P = P, 
.•.^:^0-0373of aninch. 
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CHAPTER III. 



63, BEmABK. — The ancients seem to have been entirely 
ignorant of the laws which govern the strength of heams. 
They made some rude experiments to determine the absolute 
strength of some solids, especially of stone. They may have 
recognized some general facts in regard to the strength of 
beams, such as that a beam is stronger with its broad side ver- 
tical than with its narrow side vertical, but we find no trace of 
any law which was recognized by them. This department of 
science belongs wholly to modem times, A very brief sketch 
of the history of its development is given below,* 

06. oAi.ii.EO's THEOBT. — Galilco was the first writer, of 
whom we have any knowledge, who endeavored to estabhsh the 
mathematical laws which govern the strength of beams.f He 
assumed — ■ 

1st. That none of the fibres were elongated or compressed, 
2d. When a beam is fixed at 
one end, and loaded at the other, it 
breaks by turning about its lower 
edge, B, Tig. 26 ; or if it be sup- 
ported at its ends and loaded at the 
middle of the length, it would 
turn about the upper edge ; hence 
every fibre resists tension. 

3. Every fibre acts with equal 
^"'' ^' energy. Prom these he readily 

deduced,— that, when one end is firmly fixed in a wall or other 

• For B more complete history, eee iatroductlon to '' Bcmtanea da Oorpi 
SoUdeSf" par Navier. 3d edition. Park, 1864. 
t Opere di Galileo. Bologne, 1856. 
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immovable mass, the total resistance of the section is equal to 
the Bum of all the fibres, or the, transverse section, multiplied 
by the resistance of a unit of section, multiplied by the dis- 
tance of the centre of gravity from the lower edge. Hence, in 
a rectangular beam, if 

T = the tenacity of the material, 
h = the breadth, and 
d = the depth of the beam ; 
the moment of resistance is 

Tbdy.id = iTi^ (34) 

67. ROBERT HooKBis THEORY .—Eobert Hooke was one 
of the first, and probably the first, to recognize the compressi- 
bility of solids when imder pressure. In 1678 he announced 
his famous principle, Ut tensio sic vis ; ■which he gave in an 
anagram in 1676, and stated as the basis of the theory of elasti- 
city that the extens'tons or contractions were proportional to the 
forces which produce them, and also that when a bar was bent 
the material was compressed on the concave side and extended 
on the convex side. 



G$> MABBIOTTE'S AND liEIBIVITZ'S THEORIT.- — MarnOtte, 

in 1680, investigated the subject, and finally stated the follow- 
ing principles : — 

1st. The material is extended on the convex side and com- 
pressed on the concave side. 

2d. In soUd rectangular sections the line of invariable fibres 
(or neutral tms) is at half the depth of the section, 

3d. The elongations or compressions increase as their distance 
from the neutral axis. 

4th. The resistance is the same whether the neutral axis is at 
the middle of the depth or at any other point. 

5th. The lever arm of the resistance is f of the depth. 

We here find some of the essential principles of the resist- 
ance to flexure, aa recognized at the present day ; but the two 
last are erroneous. As hereafter shovni, the neutral axis is at 
half the depth, and the lever arm is f of ^ the depth. 

Leibnitz's theory, given in 1684, was the same as JMarriotte's. 

69. JAMES BBRNOVILLI'S THEORY WaS 



,y Google 



FLEXTJRE AND ECPTUEE FEOM TKANSVEESE 8TEES9. 77 

as Mamotte'a, except that he stated that exteneiona and compres- 
siona were not proportional to the stresaes. " For," said he, " if 
it is true, a bar might be compressed to notliing with a finite 
force." On this point see Article 16. He was the first to give 
a correct expression for the equation of the elastic curve. 

70. PABBNT'S XHEORV — Parent, a French academician 
of great merit, but of comparatively little renown, published, in 
1713, aa the result of his labors, the following principles, in 
addition to those of his predecessors : — 

let. The total resistance of the compressed fibres equals the 
total resistance of the extended fibres. 

2d. The origin of ^e moments of resistance should be on 
the neutral axis. 

By the former of these principles the position of the neutral 
axis may be found, when the straining force is normal to the 
axis of the beam ; and by the latter he corrected the error of 
Marriotte and Leibnitz ; showing that the ratio of the absolute to 
the rdatvee strength is as swe times the length to the depth, in- 
stead of three, as will be shown hereafter. 

71. coui,«]iiB, IN 1713, FUBLisnED the most scientific 
work on the subject of the stability of structures which had 
appeared up to his time. He deduced his principles from the 
fundajnental equations of statics, and generalized the first of 
the principles of Parent, which is given above, by saying that 
the algSradc sum of all the forces must he sero on the three 
rectangida^ axes. This establishes the position of the neutral 
axis when the applied forces are oblique to it, as well as when 
they are normal. He also remarked, that if the proportionaHty 
of the compressions and extensions do not remain to the last, or 
to the point of rupture, the final neutral axis will not be at the 
centre of the section, 

73. OTODCttrs OP KLASTrciTT. — In 1807 Thomas Young 
introduced tlie terra rriiod/uhis qfelasticity,'w\ni^ we have defined 
as the coefficient of elasticity in Article 5. After this several 
writers, among them Duhamel, Navier in his early writings, and 
Barlow in his first work, stated the erroneous principle, that the 
sum of the moments of the resistances to coTnpression equalled 
those for tension. 
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73. IN 1624 NAViER PUBLISHED die lectures which he 
had given to VEcole des Ponts et Cha/iissees, in which he estab- 
lished more clearly those principles of elastic resistance, and 
resistance to ruptore, which have since his day been accepted 
by nearly all writers. He was the first to show that when the 
stress is perpendicular to the axis of the beam, the neutral axla 
passes through the centre of gravity of the transverse sections. 
His most important modifications in the analysis was in malting 
ds = dx, or otherwise, considering that for smaU defections the 
tangent of the cmgle which the neutral ams makes with the 
original ams of the ieam is so smaU compared with unity that 
it ma/y be neglected ; and also, that the lever arm of the force 
remains constant during flexure. These principles we have 
used in Chapter V. He resolved many problems not before 
attempted, and became an eminent author in this ( 
of sr 



7^, THE «oMinoiv THEORY. — The theories of fiexure and 
of rupture which result from these numero\i8 investigations, 
I will call, for convenience, the common theory. It consists 
of the following hypotheses : — 

1st. The fibres on the convex side are extended, and on the 
concave side are compressed, and there are no strains but com- 
pression and extension. 

2d. Between the extended and compressed fibres (or elements) 
there is a surface which is neither extended nor compressed, but 
retains its origin al length, and wliich is called the neutral surface, 
or in reference to a plane of fibres it is called the neutral axis. 

3d. The strains are proportional to their distance from the 
neutral axis. 

4th. The transverse sections which were normal to the neu- 
tral axis of the beam before flexure, remain normal to the neu- 
tral axis during flexure. 

5th. A beam will rupture either by compression or extension 
when the tnodulus of rupture is reached. 

6th. The modulus of rupture is the strain at the instant of 
rupture upon a unit of the section which is most remote from 
the neutral axis on the side which first ruptures. This is 
called K. 

The remainder of this article properly belongs to Chapter 
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VI., but it is given here so that the reasons for Barlow's theory 
may be underetood. 

If a beam ruptures on the convex side, it appears that it 
ought to break when its tenacity (T) is reached ; but it is found by 
experiment that in this case B always exceeds T. Similarly, it 
would seem that if it failed by crushing on the concave side, as 
in the ease of rectangular cast-iron beams, E ought to equal C, 
but experiment shows that in this case R exceeds C ; and gen- 
erally the value of R is always between those of T and C for 
the same material, being greater than the smaller, and less than 
the larger. The values of K in the tables were deduced from 
experiments upon rectangular beams, as will hereafter be 
shown ; and hence, if the common theory is correct, E should 
equal the value of the lesser resistance, whether it be for com- 
pression or extension ; but it does not. This discrepancy be- 
tween theory and the results of experiment * has led Barlow 
to investigate the subject further, and it has resulted in a 
new theory which he calls " Resistance to Flexure "—an ex- 
pression which I consider unfortunate, as it does not express hie 
idea. " Longitudinal Shearing " would express his idea better, 
as will appear from the following article :— - 

75. BAHi.ow'8 THEORT. — According to the common theory 

• MosIey'sMecIi. and Aroh.,p. 557. " The elsisticity of the matetiaJ has been 
aupposed to b« perfect ap to the instant of Tuptnre, but the extreme fibres are 
strained much beyond their elastic limits before rupture takes place, while the 
fibres near the neutral a^is are but el^htlj ^trained, and hence the law of pro- 
IMirtionalitj is not maintained, and the position of the neutral asis is changed,- 

EI 
and the sum of the moments is not accurately — (see equation 171). To de- 
termine the influence of these modifications w 
and it has been foand in the caee cfrectangu 
corrected if we take — T (= R) instead of T, where m is a constant depend- 
ing upon the material." 

Weiebach, vol. ii.,4thed., p. 68, foot-note says, "Eseepting as exhibiting 
appcosimately the laws of the phenomena, tJie theory of the strength of mate- 
rials has many practical defects," 

In the Eeport of the Ordnance Department, byMaj. Wade, p. 1, it says: — 
' ' A trial was made with cylindrical bars in place of square ones. These gen- 
erally broke at a point distant from that pressed, and the results were so ano- 
malous that the use of them was soon abandoned. The formula by which the 
strength of round bars is computed apiiears to be not quite correct, for the imit 
of strength in the round bars is uniformly mach higher than in the square bars 
cast from the same iron," 
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the resistance at a section is the same as if the fibres acted in- 
dependently of each other, and the transverae section remained 
normal to the neutral axis. But Barlow correctly considers 
that in order to keep the transverse sections normal to the 
neutral axis, the consecutive planes of fibres must slide over 
each other, and to this movement they ofEer a resistance. 

He presented his view to the Eoyal Society (Eng.), in 1855, 
and it has since been published in the Cmil Engineer and 
Architects Journal, vol. xix., p. 9, and vol. xxi., p. 111.* The 
subject is there discussed in a very able and thorough manner, 
and although he may have failed to establish his theory, by not 
taking into account all the incidents which exist at the instant 
of rupture, yet the results of hia analysis seem to agree more 
nearly with the results of experiment than those obtained by 
any other theory heretofore proposed. 

It is admitted in this theory that a beam will rupture when 
the stress upon any fibre equals its tenacity, or its r^istance to 
compression, as the case may be. But, on the other hand, when 
the adjacent fibres are unequally strained, as they are in the 
case of flexure, it requires a greater stress to produce this 
strain than it would if the fibres acted independently, ac- 
cording to the previously assumed law. This, 
Barlow makes evident from the following 
example : — 

If a weight, P, Pig. 27, is suspended on 
a prismatic bar, BCEF, ail the fibres will 
be equally strained, and hence equally elon- 
gated. 

But if the bar ABCD be substituted for 
the former, and the weight P acts upon a part 
of the section, as shown in the figure, it is evi- 
dent that all the fibres will not be equally 
strained, and hence will not be equally elon- 
gated ; and if the force P was just sufticient to 
rupture the bar PBCE, it will not be sufficient 
to rupture the bar ABOD, although P acts 
directly upon the same section, for the cohe- 




* Gin. Eng. and Arch. Jowr., Vol. xix., p. 9, Barlow says that tie atrei^h 
ol a cast-iron rectangular bar, as found from existing theory, cannot be reoon- 
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Bion of the particles along FE will not permit the fibres next 
to that line to be elongated as much as if the part AFED 
■were remo-ved ; and these fibres will act upon those adjacent, and 
80 on, till they produce an effect upon BO. From this we 
see that it takes a greiiter weight than P acting upon the section 
EC to produce a strain T per unit of section, when the part 
ADEF is added. It is also evident that if the section of 
ABCD is twice as great as FBCE, it will not take twice P to 
rupture the fibres on the side BC. 

A phenomenon similar to this takes place in transverse 
strain. One side is compressed and the other elongated ; and 
the fibres less strained aid those which are more strained by 
virtue of the cohesion which exists between them, and it takes 
a greater force to cause a strain, T, longitudinally upon the 
fibres than it would if there were no cohesion. 

There is, then, at the time of the rupture of a beam, a tensile 
strain on the extended fibres, and a compressive strain on 
the other fibres, and a longitudinal shearing strain between the 
fibres, due to cohesion. These remarlcs will, I trust, enable the 
reader to understand the difference between the "Common 
Theory" and " Barlow's." 

Barlow's Theory consists of the following hypotheses : — 

Ist. The fibres or elements on the convex side are extended, 
and on the concave side compressed. 

2d. There is a neutral surface, as in the common theory, 

3d. The tensive and compressive strains on a fibre are pro- 
portional to the distance of the fibre froni the neutral axis. 

4th, That in addition to these there is a " Kesistance to 
flexure " or longitudinal shearing strain, which consists of the 
following principles : — 

a. It is a strain in addition to the direct extensive and com- 
pressive forces, and is due to the lateral cohesion of the adja- 

ciled with the reanlts of eiperijoent if the neutral juds be at the centre of the 
sections, He then, proceeded to show bj experiment that the neutral axis is 
at the centre, and then remarked that the formula oonuaonly used for a, beam 

supported at the euda and loaded iu the middle, or W ^ = — ^ — did not give 
half the actual etrei^h if I is the tenaolt; of the iroa He then pro- 
ceeds to point out a new element of Btrei^Oi, which he caUa "Beaistanca 
ta Flexate." 

6 
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cent surface of fibres or particles, and to the elastic reaction 
which ensues when they ai-e unequally strained. 

b. It is evenly distributed over the surface, and consequently 
within the limits of its operation its centre of action will 
be at the centre of gravity of the compressed or of the ex- 
tended section. This force for solid beams Barlow calls $, and 
for T or I sections, or open-built beams, it is easily deduced 
from the following principle : — 

0. It is proportional to and varies with the inequality of 
strain between the fibres nearest the neutral axis and those 
most remote. 

From this it appears that if d' is the depth of the horizontal 
flanges of the I section, and d, the distance of the most remote 
fibre from the neutral axis, then the resistance to flexure of the 

d' 
flcmgea will be p ^ and similarly for otber forms. 

5. Sections remain normal to the neutral axis during flex- 
ure. 

6, Eupture of soHd beams takes place when the strain on a 
unit of section is T-|- *, or C + ^, whichever is smaller, or 
rather, whichever value is first reached. 

76. KEnAKKS UPON THE THEORIES. — For Scientific piu*- 
poses it is desirable to determine the correct theory of the 
strength of beams, but the phenomena are so complex that it 
is not probable that a single general theory can be found 
which will he applicable to all tbe irregular forms of beams 
used in practice. Although Barlow's theory appears plausible, 
yet according to principle o the resistanoe to flexure, if, can- 
not be uniform over the surface, as stated in principle h, because 
the proportionality of tbe elongations and compressions do not 
continue up to the point of rupture. The common theory is 
faulty beyond what has already been said in the X section ; for 
in the upper and lower portions the strains on ail the fibres are 
not proportional to their distances from the neutral axis, to 
reahze which the material should be continuous ; and Barlow's 
theory is defective in the same ease, on account of the peculiar 
strains upon the flbres at the angles where the parts join. For 
rapture, then, we can use these theories to ascertain general facts, 
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and make the results safe in practice by using a proper coeffi- 
cient of safety ; but for flexure the common theory is suffi- 
ciently exact if the elastic limit is not passed, and this is for- 
timate as the conditions of stability should be founded on the 
elastic properties rather than on the ultimate strength of the 
material. For the rupture of rectangular beams the common 
theory will be sufficiently exact if the value of li is used instead 
of T or C in the formulas. 
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the strains should have been carried as near to the point of rup 
tiire asp 



78. POSITION BETBBBIINED ANAI.ITICA1.I.X. Wc tnoW 

from statics that the algebraic sum of all the forces on each of 
the rectangular axes must be zero for equilibrium ; hence, if the 
deflecting forces are normal to the axis of the beam, the aum of 
the resistances to compression mtist equal those for tension. 

let. Suppose that the coefficient of elasticity for compression 
equals that for tension. Then wiU the compressions and exten- 
sions be equal at equal distances from the neutral axis. In Fig. 
28, let Ere he the strain on a unit of fibres most remote from 
the neutral axis on the compressed side, and d,. = the distance 
of the most remote fibre on the same side ; then, 

1^ s t= strain at a unit's distance from the neutral axis. 

dc 

Let k^, k„ k„ t&c, be the sections of fibres on one side of the 
neutral axis, at distances of 

^1) y« Vti ^'^■j fi^™ ths axis, and 
^, ld',h"', &c., and y', y", y"', &c., corresponding quan- 
tities on the other side. 

Then5(%,4-^,S',+*.y. + &c.) =» {^y-l-^'y'-|-^'y"-F&c.), 

or, *^,+*,s',+*,y,+&c.— (*y-t-*'y'-i-^'y"+&c.) = o, 

or, s^^ = (35) 

or the neutral axis passes through the centre of gravity of the 

seetioi^.* 

If the resistance to compression is greater than for tension, 
the neutral axis will be nearer the compressed side than when 
they are equal. 

2. Suppose that the coefficient of elasticity is not the same 
for tension as for compression. 



• The analytioal eiprsBsion for the oidinate to the centre of graTity i* 



= _ Aiy. + tay, + &c Vy' -I- f'y" ■ 

Ai + *s -I- &o. -\- k' -\- k' -\- < 

If J'fydyda = B,T = 0. 
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Let Fig. 28 represent the beam. Suppose that the sections 
CM and EF were parallel be- 
fore deflection. If through I^, 
the point where EF intersects 
the neutral axis, KH is drawn 
parallel to CM, the ordinates 
between EF and KH will re- 
present the elongatioriB on one 
side, and the compressions on 
the other, for those fibres 
whose original length was LN. 

Let;=iLK, 

A = fe = the elongation of a fibre at Je ; 

p =& pulling or pushing force which would produce A ; 

y = NA = distance of any fibre from the neutral axis ; 

k = section of any fibre ; 

E, = coefficient of elasticity for tension ; and 

E(, = " " " compression. 

From equation (3) we have, 
E.fe 

f=ir 

But A is directly proportional to its distance from the neutral 
axis ; hence, if c be a constant quantity, whose value may or 
may not be known, we shall have a = cji 

•• J> = ^^ (3^) 

Or, if we adopt the same notation as in the preceding case, we 
shall have for the total force tending to produce extension, 

2? = ^{A.y. + ^^, + ^. + &".) - - (37) 
Similarly for compression 

2J, = ^ (^y + k"y" -h k"Y' + &c.) - (38) 
Placing these equal to each other and we have, 
E, {hVi + KVi + \y, + &«■) = E^ {k'y + k"y" -(- 
or, in the language of the integral calculus, 

E, t^ydydx = E^ £_ yiydx, - - - 



+-&C.) 
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in which y is an ordinate and x an abscissa. Equation (39) 
enables U3 to find the position when the form of section is 
known. In most cases, however, the redaction is not easily 
made. 

secijons axe lectHUgnlar. 



jl = AE f or 
Then equatioii (39) 



a I I ydydx = t f ydydx, whicn reduced becomes 
(40) 



l+V- 



= !,» = 



3d. Suppose that the deflecting force is not perpendicular to 
the axis, and Ee = E, = E. 

Let 9 = the angle which P makes with the axis of the beam 
Fig. 30 ; 

P, = P cos i = the com- 
ponent of P in the direction 
of the axis of the beam ; 

P, = P sin « = the com- 
ponent of P perpendicular^ 
to the axis of the beam ; 

h = the distance of the fio. sa 

neutial axis from the centre of gravity of the section AB, and 
K = the transverse section. 
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The whole force of compression equals the whole force of 
extension, equations (37) and (38). 

.-.'P cob6 -\--j-frydydie=—j~Jj y dy da! 

But the ordinate to the centre of gravity is (see foot-note on 
page 84), 

h = g _ . 

.-. P C08« = yKi 
■Pl 

orh= -^^ cos « (42) 

If t = 90", A = as before found. 

If < ^ there is no neutral axis, for the force coincides with 
the axis of the beam. The equation would show the same re- 
sult, if the value of c = - = -, equation (45), were substituted 

in the formula, for then p would be infinite, for e = 0, and 
h becomes infinite. 

4th. Let the law of resistance be according to Barlow's 
theory of flexure, and the deflecting forces normal to the axis 
of the beam. 

Using the same notation as before, also 

d^ = the distance of the most remote fibre frcnn the neutral 
axis, and 

if = the coefiicient of longitudinal shearing stress. 

Then ^ / y dx = the resistance to shearing for tension, 

and pj y dx = the resistance to shearing for compression, 
and, proceeding as we did to obtain equation (39), we have 
tJT y^y^ "•" ^S^'^—dSf- "^^^ dx + pf ydo!. (43) 

Mtaiti/plea. — Xiet tlie auctions be rectat^ulai, b — Uie breadtli, d = the depth. 
Then (48) beoomeB 

i Id, -H ^ 1^1 = = -J- ((Z - dif + i{d— di) 

.■.a,=id- or,d,= -^ 
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the formei only of whioh is admissible. 



If tbe soction is a, doable Tf f 
tile notation as in the figure, ip will 
ing tlie 



Pigf. 81, with 

tusedinfind- 

of the vertical rib, and aocording 

to Article 75, ^- — - of the lower flange, and -- 
# -T- of the upper flange. 



"J 



It appears from these several cases that the neutral axis 

passes near the centre of gravity in most practical eases, and it 
will be assumed that it passes through the centre unless other- 
wise itated, 
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CHAPTER IT. 

fSHEARINa STRESS. 



70> OENEBAL STATBIDBNT. — Two kiiids of BbcariDg BtreBS 
are recognized — longitudinal and transTerae — both of which have 
been defined in Article 2. Materials under a variety of cir- 
cumstances are subjected to this stress — Buch as, rivets in siiearB 
the rivets in riveted plates; pins and bolts in spliced joints 
beams subjected to transverse strains; bars which are twisted 
and, in short, all pieces which are subjected to any kind of distor- 
sive stress in which all parts are not equally strained. In the 
first example above enumerated, all parts of the section are 
supposed to be equally strained. Shearing may take place in 
detail, as when plates or bars of iron are cut with a pair of 
shears, when only a small section ie operated upon at a time ; or 
it may be so done as to bring into action the whole section at a 
time, as in the process of punching holes into metal, where the 
whole surface of the hole which is made is supposed to resist 
uniformly. 



80. nioBBiiiis OF sHBARiNo — The modulus of resistance 
to shearing is the resistance which the material offers per unit 
of section to being forced apart when subjected to a shearing 
stress. 

This we call Ss. The resistance for both kinds of shearing 
has been found to vary directly as the section ; so that if 
K = the area of the section subjected to this stress the total re- 
sistance will be 

K. &. 

The value of Ss has been found for several substances, the 
principal of which are ae follows : — 
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Metal B. 

Si in lbs. per squaie 

Fine'cast eteel * _ . . . . 92,400 

Kivet steel t 64,000 

Wrought iron * 60,000 

Wrought-iron plates punched $ - - 51,000 to 61,000 
Wrought iron hammered acrap pnnched | - 44,000 to 53,000 

Cast iron 30,000 to 40,000 

Copper 1 33,000 

Wood. 
With the filires. 

White pine 480 

Spruce 470 

Firir 592 

Hemlock** -.-.--- 540 

Oak 780 

Loeuflt 1,200 

Aaross the Jibres. 

Eed pine 500 to 800 

Spruce 600 

larch t+ 970 to 1,700 

Treenails, English oak Jf - - - 3,000 to 5,000 

It will be seen from these results that the shearing strength 
of wrought iron is about the same ae its tenacity ; of cast steel 
it is a little less than its tenacity ; of cast iron it is double its 
tenacity, and about f its crushing resistance ; and of copper it 
is about f its tenacity. 

The following table, which gives the results of some experi- 
ments upon punching plate iron, illustrate the law of resistance, 
and gives the -value of Ss for that material. 

* Wetebach Mecb. and Eug., toL i., p. 407. 

t Kirkaldy'8 Esp. Inq., p. 71. 

X Proc. Infit. Meoh. Eug. England, 1858, p. 76. 

§ Proo. Inst Mech. Ei^. England, 1858, p. 73. 

I Stoney on Strains, vol. it, p. 384. 

f Barlow on the Stren^rth of Materiala, p. 24. 

•• En^neering Statica, GiUeapie, p. 33. 

ft Tredgold's Carpentry, p. 43. 

jt Murray on Shipbuilding Wood and Iron, p. 94 
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BecUonBlareBCUt 


TOM pr«™«on 


Pr6»ffl.repET ua« 




plate. 


throngh. 




tncH of aiat 


Inch 


InoH. 






Too*. 


0-259 


0-437 


0-344 


8-384 


S4-41 
37-31 


0-500 


0-635 


0'9S9 


36-678 


0-750 


0-635 


1-473 


34-768 








3-405 


55-500 




1000 


1-000 


3-143 


77-170 


34 '6 



These reaalte give for the value of Ss from 51,000 lbs. to 
61,000 lbs. The total resistance varies nearly as tiie cylindrical 
surface of the hole. 

AFPLICATIONS. 

SI. PBOBiiEM OP A. TiE-REAKi. — To find the velaUon 'be- 
tween the distance AJi, Ftg. 32, and the depth of a rec 
lar beam l/elow the notch, so that the total shearing si 
shall eq'ual the total t&naeity. 




Let h = 



= AB — the distance of the bottom of the notch from the 
end, 

d = the remaining depth of the beam, 
k = the section of AB, 
K = the section below A, 
T = the modulus of tenacity, and 
iSs = the modulus of shearing s 
Then the condition requires that 

TK = ^s<5;, but ^: K: 

A__A_ T 
■'' K^ d~ Ss 



■.h:d 



• ProoeediD^ Inst. Meeh. Eng., 1858, p. 7( 
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-EiMmpfo.— ForOak-=- = -=^ = 13i nearly; henoe AB should be about ISJ 
timeB tha f emainmg^ dopOu 

84. RIVETED PLATES — Qiven the diamet&T of the Hvets ; 
it ia required to find the distance ietioeen them- froin centre to 
centre, so that the strength of the rivets for a single row shall 
equal the strength of the remaining iron in the plates. 
Let d = the diameter of the rivets, 

e = tlie diBtance between them from centre to centre, 

k = the section of the rivet, 

K = the remaining section of the plate, and 

t = the thickness of the plate. 
For iron T = iSs y hence, proceeding as above, and we have 

K"'7F=^=^ ■'■" = r^'rd. 

£keamplea. — If t = i incb, nnd d = i inch ; 
then = 1. 28S4, inch, 



Ut = i incli, and (I = # inch ; then e = 0.8338 and = 0.644, which is 

uea^ the valne given by Fairbaim for the strength of single riveted plates. 
See Article 37. To insure this strengUi the rivet ahould fit tightly in the hole. 

83. LONCITVDINAL SHEABING IN A BENT BEAnt. — When 

a beam is subjected to a transverse stress, we have already seen. 
Articles 74 and 75, that the fibres are unequally strained, 
and hence are unequally elongated and compressed. This can- 
not be done without producing a shearing stress between the 
adjacent elements or fibres, as shown in I^gs. 27 and 28. This 
shearing strain rarely overcomes the cohesion of the particles, 
but if they were held only by friction it might overcome that. 
To illustrate this latter idea, suppose several boards from 
ordinary lumber are placed upon each other, and the whole 
supported at the ends in any convenient way. "When in this 
condition draw several straight lines across the pile, perpen- 
dicular to the central board. Then deflect the whole by a 
weight at the middle, or in any other convenient manner, and it 
will be observed that the lines are no longer straight, but bro- 
ken, and the general dii'ection does not remain normal to the 
axis or central board. In the experiment the top layer, instead 
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of being shortened as in a solid beam, retains its length by 
overcoming the friction between the top board and the one im- 
mediately under it. The friction, -whemer it be much or little, 
represents the shearing stress in a beam. 

The elongations and compressions of the fibres in a bent 
beam being proportional to their distances from the neutral 
axis, Article 74, it follows that the shearing stress is evenly dis- 
tributed over the cross section ; and that, beginning at the 
axis, the total shearing stress increases uniformly with the dis- 
tance from the axis. In a beam which is bent by forces per- 
pendicular to the axis the shearing resistances to compression 
and tension form a couple whose arm is the distance between 
the centre of the compressed section and the centre of the 
extended section. This resistance in bent beams is generally 
elastic. The coefficient of elasticity for this case for fibrous 
bodies has not been determined. 

84. TRANBVER8B SHEARING IN BSNT BBAHIS. QuitC 

analogous to the preceding case is that of transverse shearing in 
a beam which is bent by external forces. Referring to Fig. 28, 
in order that the weight P should be sustained by the horizon- 
tal beam, there is necessarily a vertical force, or a vertical com- 
ponent of forces in the beam, and it is the same at all sections 
between A and B. This is easily shown by the principles of 
mechanics. 

In order to simplify the problem, suppose that all the bend- 
ing forces are in a plane, and let 
P, P„ P„ &c., be the bending forces, 

F, F„ F„ &c,, be the forces in a beam, each of which is the re- 
sultant of all the forces concurring at that point, 
«, •„ •„ &c,, the angles which P, P„ &c., make with the axia 

of X, 
a, a„ o„ *&c., the angles which F, F„ F„ &c., make with the 
axis of X, and y an axis perpendicular to x. 
Then the principle of statics give the following equations : 
IP cos « -I- 2:Fco3o = 0, 
sP sin • -I- sF sin o = 0, 

S(PS(eos« — Picsin «) 4- l (Fycoso — Fa^sina) = 0. 
Let X coincide with the axis of the beam, and let all the forces 
be vertical; or « = 90° or 180° ; then 
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(1) - - - 2:Fcoso = ] 

(2) - - - s+Ph- rF8ina = [{iia) 

(3) - - - s±Pa!+ sF^eosa— sF;rsina = J 

The first of these equations shows that the sum o£ the resist- 
hig forces parallel to the axis is zero ; or that the total compres- 
sion equals the total tension. This is equation (35) in another 
form. The second shows that the sum of the bending forces 
equals the sum of the vertical components of the resisting forces. 
If we let Ss represent a strain as well as a modulus, this equa- 
tion becomes sP = sF sin a= S^, which is the, result sought. 

This is as far as it is necessary to carry the investigation in 
this connection ; but it raaj be well to show the use of the 
third equation. If we use a resultant moment for each of the 
above sets of moments the equation becomes 
PV — x" sF sin a = Ty' , 
or, F'x' - a?" -Ss = F'y' ; but Ss = sP = P', 
.•.-p'{x'-x") = Fy; 
hence the shearing stress forms a couple with the applied force, 
— or resultant of applied forces. This equation under the 
form 

sPk = sFy 
is an essential one in Articles 86 and 136. 

Examples of trauaveise shearing stress. The second of equations (443), as 
reduced ia, 

^ = EP. 

1. Let a beam be nniformly loaded orer its whole length, and supported at 
its ends as in Fig. 43, 
and let w = the load on a foot of length, 
I = the length of the beam, 
V = imt = the amount sustained at each support, 
X = any distance fcom either end ; then 

IOC = the load on the leogth ie; and the eicpreasion for the shearing 
etresS beoomes 

Ss = iuil - vtx, 
which is the equation of a straight hne (see Fig. 100}. Its value is greatest for 
* = 0, for which it is Jjri ^ J W ; and is aero for x = il. 

Z. Suppose the beam is supported at iia ends, and has a weight at the 
middle of its length. 

Let P = the weight, and the other notation as before ; then V = iP, and 
* = |P — to the middle, and beyonfl the middle -S» = iP — P = — iP ; and 
hence it is constant over its whole length. 
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3. If tha beam austaina a nnitorni load, and also a uniformly incresBing 
load from one end, aa in Fig. 93, in which Wi U the total load which 
increases; 

we have S>=y-~iex — Yf,— 
I' 

:^ ijrf + iW, - uw - W,?! 

85. SHEARING REsisTANRQ TO TORSION, — When a plece is 
twiated there is a tendency in one section to slip over the 
adjacent one, and the corresponding resistance constitutes 
a shearing strain. It is least at the axis, and increases gradu- 
ally as we proceed from it. 
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83. ELASTIC crBTB. 

"When a beam is bent by a transverse etrain, equilibrium is 
established between the external and internal forces ; or, to be 
more specific, all the external forces to the right or left of any 
transverse section are held in 
equilibrium by the elastic 
resistances of the material 
in the section. When in 
this state the curve assumed 
by the neutral axis is called 
the elastic curve. 

To find the general equa- 
tion of the elastic curve, let 
Kg. S3 represent a beam, 

fixed at one end, or supported in any manner, and defiected 
by a weight, P, or by any number of forces. AB is the 
neutral axis. Take the origin of coordinates at B (or at any 
other point on the neutral axis), and let x be horizontal and 
coincide with the axis of the beam before flexure, y vertical 
and u perpendicular to the plane of icy. The transverse sections 
CM and EF being consecutive and parallel before flexure, will 
meet after flexure, if sufficiently prolonged in some point, as 
o. Through N draw KH parallel to CM ; then will le be the 
elongation of a fibre whose original length was ch We have 
the following notation : — * 

dx = LN =. the distance between consecutive sections, 

y = Ne ^ any ordinate of the surface, 

« = Na or Na', 

b = KN'= the limiting value of u, 

f{y,u} = equation of the transverse section, 



,y Google 



FLEXURE. 97 

dy d/u,-= the transverse section of a fibre, 
h = NN' = limiting value of m, 
P = ON = the radius of curvature at N, 
IP = the force neeessarj to elongate any fibre an amount equal 
to A when applied in the direction of its length, 
A = ^, 

1 = the moment of inertia of the section, 

E = the coefficient of elasticity of the material, which is Bup- 
pOBed to be the same for extension and compression, 

2 P« = a general expression for the moment of applied 
forces. 

We suppose that the strain ia within the elastic limit, and 
^tablishthe algebraic equation on the condition that the sum of 
the moments of the applied or deflecting forces equals the sum of 
the momenta of the resisting forces. We also assume that the 
neutral axis coincides with the centre of the transverse sections 
of the beam. 

By the Bimilarity of the triangles LON and ^N^, we have 
ON : Ne :: LN : ^e, or ? ; y :: (& : a 

.:?, = y-dx (45) 

The force necessary to produce this elongation js (see equa- 
tion (3)), 

which becomes, by substituting a from (45), 

j) = — ydydu (46) 

f 
and the moment of this force is found by multiplying it by y ; 

:.py=-y'dydv. (47) 

The total moment of all the resisting forces to extension and 
compression is found by integrating (47) so as to include the 
whole transverse section, and this will equal the sum of the 
moments of the applied forces : 



.S 



I / / f^y^^ I I f^y^ ■- 



:2Pa) 
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E n /'+•' 

*/0 J ~ -a 



The quantity E f f'^dy du, which depends upon the form of 

the transvalue section and nature of the material, is called the 



The quantity f fy'dy du, when taken between limita bo aa to 
include the whole transverse section, is called the moment of 
inertia of the surface.* Calling this I and equation (48) 
becomea 

— ~ s'Px, (49) 

which is the equation of the dastio curve. 

An exact solution of equation (49) is not easily obtained in 
practice, except in a few very simple cases ; but when the deflec- 
tion ie small an approximate solution, which is generally com- 
paratively simple and always sufficiently exact, is easily found. 

We W,p = (^^)t* ^1^) 
' dry aas a^y 

=: -^ nearly, since for small deflectiong 

■j- (which is tlie tangent of the angle which the tangent line to 

the curve makes with the axis of x) is small compared with 
unity, and hence may be omitted. Hence equation (49) becomes 

Elg=SP«, (60) 

which is the general approximate equation of the neutral axis. 

87. THE moiHENT OF iN£RTiAt of all transversa sec- 
tions of a prismatic beam, is constant, and hence I is constant 
for prieihatic beams. 
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For a rectangle, as Fig. 34, we have 

"S /•+M ill 

1= I I y'dydu^^liT - (51) ■■ 

id 



Jo J ~¥ 



For a circle, the origin of coordinates being at 
the centre ; 

?/ =: 7" ein S 
dydu = rdrdt 



J6~ Jo 



'dr di sin's = J »■ r' - - (52) 



SPECIAL CASES OP PRISMATIC BEAMS. 

88. KeQUIEED the equation of the NEtrrBAL AXIS, AJIOUMT 
OF DEFLECTION, AND SLOPE OF THE OtJBVE OF A PEISMATIO BEAM, 
■WHBS BLIGHTLT DEFLECTED, AND SUBJECTED TO CEETATN CONDmONS 
AS FOLLOWS : — 

89. CASE I.— Suppose a hoeizomtal beam is fisbd at one 

EXTEEMITT AND A WEIGHT P BESTS UPON THE FREE EXTEEMITT; 
EEQUIKED THE EQUATION OF THE KEUTBAL AXIS AND THE TOTAL 
DEFLECTION. 




The beam may be fixed by being imbedded flrmly in a wall, aa 
in Fig. 36, or by resting on a fulcrum and having a weight ap- 
plied on the ^tended part, which is just sufficient to make the 
curve horizontal over the support, as in Fig. 37. The latter 



,y Google 



100 THE KESISTAMCE OP MATEEIALS. 

case more nearly realizes the raathematical condition of fixed- 
ness. In either case let 

I = AB = the length of the part considered, 
4 — the inclination of the curve at any point, and 
A = BO = the total deflection. 
Take the origin of coordinates at the free end, A; x horizontal, 
y vertical and positive downM'ards. The moment of P on any 
eeetion distant x from A is Fx, which is the second memher of 
equation (50) in this case. Hence the equation becomes 

=^1® = !'"= -. <^^) 

Multiply both members by the dx and integrate, and we have 

El| = iP^' + 0, ; - . .(54) 

"When the deflections are small, the lenp^ of the beam re- 
mains sensibly constant, hence for the point B, ic = I; and at 

the fixed end ~ ^0. Substitute these values in equation (fii), 

and we find C, = — -J Pf , and (54) gives 

| = |j(«--7) = taBgi (55) 

The integral of equation (55) is 
P 

But the problem gives ?/ = for ic = .-, Cj = 0; 
■•■S' = j|j(»''-S''») (56) 

which is the equation of the neutral axis, and may be discussed 
like any other algebraic curve. 

The greatest slope is at A, to find which make « =: in equa- 
tion (55) 

.-. tang i (at the free end) — — __- 

The greatest distance between the curve and the axis of x is 
at B, to find which make x=lin equation (56), and we have 
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If y were positive upward, everything else remaining thie 
Bame, tiae second member of equation (53) would have heen 
negative, for it is a principle in the differential calculus that 
when the curve is concave to the axis of x, the second differen- 
tial coefficient and the ordinate must have contrary signs. This 
would make tang i and A positive. It will he a good exercise for 
the student to solve this and other problems by taking the origin 
of coordinate at different points, only keeping x horizontal and 
2/ vertical. For instance, take the origin atB; at C; at the 
point where the free end of the beam was before deflection ; at 
the middle of the beam ; or at any other point. 

JSnompfe.— If i = 5 ft, 6 = 8 in., d = 8 in., B = 1,600,000 Iba., and P - 5,000 
" B. ; required the elope at the free end and at tihe middle, and the u: 



90* CASE II. — Suppose that the beam le mxed at one end, 

IS FREE AT THE OTHEE, AND HAS A LOAD UNrFOEMLY DISTRIBUTED 

ovEE ITS WHOLE LENGTH, — The beam may be fixed as before, as 
shown in Figs. 38 and S9. 





Let w = the load on a unit of length. This load may he the 
weight of the beam, or it may be an additional load. 
W = wl= the total load. 
Take the origin at A. 

Then WB = the load on a distance x, and 

iwai' = the moment of this load on a section distant 
te from A. 
Hence equation (50) becomes 

EI_^ = iTO' (58) 

dy w , , 
•■■£ = 6H('=^-^' = ""«* - - - - (59) 

W . 

■'•*=24El(''-*^»') ----■■ (60) 
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'""1^ = -8EI=-8EI W 

^*-" — '■■<^.= -W. 
y = for ic := .■. 6', =; 0, and 
y= A for x = l. 

If the origin of coordinateB were at the fixed end, s Fa; in the 

flret caee would be P (? — a;), and in the second 'h (^ — ^T- The 

Btudent may reduce these cases and find the constants of inte- 
gration. This case may be further modified for practice by 
taking the origin of coordinates at different points. 

01> CASE III. — Let the bkam be fixed at one end and a 

LOAD TTNIFOEMLT DI8TEIBDTED OVEE ITS WHOLE LENGTH, AND A 
WEIGHT ALSO APPLIED AT THE FREE END, TMs is a combination 

of the two preceding cases, and is represented by Figs. 36 and 
37, in which the weight of the beam is the Tiniform load. 

andA^^-gljCF + fW) (62) 

hence the deflection of a beam fixed at one end and free at the 
other, and uniformly loaded, is |- as much aa for the same weight 
applied at the free end. 

93. CASE IT. — Let the beam be bcppoeted at rrs ends 
AND A weight applied AT ANY POINT. — Figs. 40 aiid 41 represent 
the ease. 



FlQ. 41. 

Let the reaction of the supports be Y and V,. Take the 
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origin at A over the support, and let AD = o = the abscissa 
of the point of application of P. 



The case is tlie same as if a beam rested on a support at D, 
and weights equal to V and V, were suspended at the ends. 
For the part AD, equation (50) becomes : — 



. 4- 52.^ 



' (fe 



mdy=-'^^K' + C,x + {G, = 0}; - - - (05) 

in the last of -which, y = f or a; = .-. C, = as indicated. 

For the part DE, the origin of coordinates remaining at A, 
we have : — 



^^^y^jmr^^'^-^^'^-^*^'"'-^^"- ■ - - - (68) 

To find the constants, make 3! = e in equations (64) and (67) 
and place them equal to each other ; do the same with (65) and 
(68) ; and also observe that in (68) y = Oioia;=:l. These con- 
ditions establish the three following equations : — 

Pe-(i-c) ^„ _ll 



2!EI 



o. = S7ia(<'-2')+0' 



- ^k^*+c.«=i5ri(2''-«')+c'« + <'■' 



SEI ■ 
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From these we find 



C"=- 



" 6EIi 
IV 
"6EI 
Hence, for the part AD we have 

'^' t^ic ^ 6EIZ 



I (-3Z+3e)3!'' + c' + 2<^-3cY I - 



' 6En| {'^-^'«' + ('^ + 2?-3c;}<xc I - - - (70) 



To find the maximum deflection, if e is greater than ^l, make 
^ = in (69) and find x ; then Bubetitut© the value thiia found in 
equation (TO). If c<-^? make-,- = inequation (67) and substi- 
tute the value thuB found in equation (68). 

If D is at the middle of the length, make o = 4? in equations 
(63), (69), and (70) ; and we have for the curve AD 

EiS=-ip-. («) 



<& ~ i6Er 



?-te'), 



y = ~{S.Vx-i:g), {13) 

.ndA = -j55-j(if« = i«mC?2)) - - - - (rs) 

The greatest stress is at the centre, and the maximum mo- 
ment is found by making x^i^lia the second member of equa- 
tion (71). Hence, the maxim-um moment is 

IVl (73a) 



,y Google 



In this case the curve DB is of the same form as AD, but its 
eq^uation will not be of the same foi-m unless the origin of co- 
ordinates be taken at the other extremity of the beam. 



03> CASE v.— SUPPOSE THAT A BEAM IS BUPPOKTED AT OR 
HEAK ITS EXTEEMmES, AND THAT A LOAD 18 tTNIFOEMLY DISTKIB- 
ITTED OVKK 1TB 'WHOLE LKNGTH. 

No account is made of the small por- 
tion of the beam (if any) which projects 
beyond the supports. The distance 1 
tween the supports is the length of the 
beam which is considered. 

Let the notation be the same as in the ^'a- «■ 

preceding cases. 

Then V= i^l = i-W= the weight sustained by each support ; 

Va! = ^wlx = the moment of V on any section, as c ; 

wx is the load on x, and the lever arm of this load is 

the distance from its centre to the section c, or ^ ; hence its 

moment is ■Jwic', and the total moment is the difference of the 

two moments. Hence ec[uation (50) becomes 



(fe' 



= iw{-lx + a?) ; 



. dy_ 

' dx 24EI' 



and if iB = i^ in (75), y = 



.{-Sluf+x^ + l'x);- 



5 wP __ 5 W?° 
384 EI 384 El" 



(74) 



(75) 



(76) 



24EI' 

and w ~ for iC = 0, .-. (7, = 0. 



In these equations -^=Ofor x = ^l, ,: C, - 



04« CASE VI, — Let the beam be stjppoeted at ns ends, 

TTNirOSMLT LOADED, AND ALSO A LOAD MIDWAY BETWEEN THE 
SUPPOKTS. 

This case is a combination of the two preceding ones, and 
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may te represented by Fig. 40 ; for the weight of the beam 
may be the uniform load. Hence, 

■El^, = -iFx + iwa!--^?x (77) 

^=4ii[p+i^] (^«) 

Experiments on the deflection of beams are generally made 
in accordance with this case. If the beam be rectangular, we 
have from equation (51), 

I = —bd^, which in (78) gives 






[P+|W] (79) 

■--^=iml^4^] («^) 

In making an experiment to determine E, the beam is weighed, 
and that portion of it which is between the supports and unbal- 
anced will be W, and all the quantities except E may be directly 
measured. If E be known, we may measure or assume aU but 
one of the remaining quantities, and solve the equation to find 
the remaining quantity, as the following examples will illus- 
trate : — 

9S. Eiianyplea. — 1. If a lectangnlar beam, Q feet long, 3 mohes wide, and 
3 inchea deep, is deflected -,V of an inch by a weight of 3,000 Iba. applied at the 
middle ; required the ooefGdent of elasticity. E = 20,000,000. 

3. If S = S incheB, (f = 4 inches, and 1 = 6 feet, the weight of the beam 144 
IlM., and a weight P=10,000 lbs. placed at the middle of the beam deflecte it i 
an inch ; required E, E = 14,580,000 lbs. 

3. A joist, whose length is 16 feet, breadUi S inches, depth 13 inches, and co- 
efficient of elasticity 1,600,000 lbs., is deflected i inch by a weight in the 
middle ; required the weight ; the weight of the beam being neglected. 

Ans. P=: 1,562 lbs. 

4. An iron rectangular beam, whose length is 13 feet, breadth \\ inches, co- 
efficient of elasticity 34,000,000 Iba. , has a weight of 10,000 lbs. suspended at 
the middle ; required its depth that tlie de&ection may be ^Iq of ibs length, 

Ans. 8.8 in. 

5. A rectangular wooden beam, 6 inches wide and 30 feet long, is supported 
at its ends. The ooefSdent of elasticity is 1,800,000 lbs. ; the veight of a 
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cable foot of the beam is 60 lbs. ; lequired tbe depth tbat it may deflect 1 iucli 
from ite own weight. 

How deep must it he t« deflect ,lij of its length? 

6. A qylindrical heam, whose diameter is 2 inches, length 5 feet, weight of a 
cubic inch of the material 0.35 lb., is deflected i of an inch bj a weight P = 
S,000 lbs. enspended at the middle of the beam, Beqoii^ed the co«ffideat of 
eUsticilj, 

To Bolve thia substitute I = {^ (equation {53}) in equation (80). Thia giyefl 



E^ ^ rF+-wi 

13 A -r" L 8 J 



7. Beqnired the depth of a rectangular beam which is supported at its ends, 
and BO loaded at the middle that the elongation of the lowest fibre shall equal 
T,Vi5 of its original length. (Good iroa may safely be elongated this amount.) 

Equations (49) and (73a) become _ = JPI.-. p=_. In this substitute the 

Talue of I, equation (51), and it becomes 



••.-\/^ 



8, Eequired the radius of ourratuie at the middle point of a wooden beam, 
when P = 3,000 lbs. ; i - 10 ft. ; S = 4 in. ; li = 8 in, ; and E = 1,000,000 lbs. 

__ 1,000,000 xVy^ ' 

"3,(100x10x13 



Equations(49)andC73a)giYep=^i- = £i^^J|^;^= 1,898 inches. 



9. Let the beam beiran, supportedatitaends. Let i = 1 in., (f = 3in., 1 = 
8 ft., B - 30,000,000 lbs. Required the radius of curvature at the middle when 
the deflection is i of an inch. Use eqs. (49) and (73) for P at the middle. 

.-. p = ^ = -_Z-! = JL= S,840 inches; 

iPi 1 48E,I . A.; 13a 
4" I' 
from which it appears that it is independent of the breadth and depth. 

10. The centrifugal force caused by a load moriug over a deflected beam 
may be found from the ezj^easion — , in which m is the mass of the moving 

11. All these pioblems may be applied to beams fixed at one end, and F ap- 
plied at the free end, or for a load uniformly distributed over the whole length, 
by using the eqnatJona nuder CflBes 1 , H. , and III. 

According to equation (79) tlie deflection varies as the ctiie 
of the length ; and inversely as the ireadth and c-ube of the 
depth, and directly as the weight applied. 
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06* BABtoTT's THEOBT has not, to my knowledge, been 
applied to flexure, but it may be well to inquire what effect it 
would have. In the common theory, it is assumed that the total 
force is expended in elongating and compressing the fibres ; 
but, according to Barlow's theory, a portion of the force is 
absorbed in drawing (so to speak) one fibre over the adjacent 
one ; hence the deflection should be less by this theory than by 
the common one. 

An experiment made by ]Mr, Hatcher, England, showed 
that it waa less, (See Mosley's Mechanics and Engineering, p. 
514.) 

To find E by this theory, ^ will represent ayrftc^ioKa^j^ori of 
the strain (not of the ultimate resistance). 

Then ^jfy dy dx is the moment of resistance to longitudinal 
shearing. 

Hence we have 



tPx-'^ffydydx: 



EI 



Or for a rectangular beam supported at the ends, we have, 
by combining the general moments of equations (71) and (74) and 
using y positive upwards : — 

(iP+iW-l»»)a) -iW*=EI-J- . - - - (81) 

is very small for small deflections, but, whatever its value, 
we see that E found by this method will be lees than that found 
by the common theory ; and hence l^s than that given by the 
method in Article 7. 

97* CASE VTi, Let the beam be fixed at one exteemity, 

SUPPOETKD AT THE OTHER, AHD HATE A WEIGHT, P, APPLIED AT 
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The team may be fixed by being encased in a wall, Fig. 43, 
or by extending it over a support and suspending a weight on 
the extended part sufficient to make the beam horizontal over 
the support, Fig. 44 ; or by resting a beam whose length is % 
on thi-ee equidistant supports, and having two weights, each 
equal to P, resting upon it at equal distances from the central 



support, Fig. 45. In the latter case each half of the beam fulfils 
the condition of the case. 

Let I = AB, Fig. 43, be the part considered, 
Y ~ the reaction of the support, 
«7 = AD = the abscissa of P, and 
■y = the deflection of the beam at D. 

Take the origin at A, the fixed end. We may consider that the 
curve DB is caused by the reaction of T, while all the forces at 
the left of P hold the beam for V to produce its effect. Similarly 
the curve AD is produced by the reaction V and the weight P, 
while all the forces at the left of them hold the beam. In all 
cases we may consider that the applied forces on one side of the 
transverse section are in equilibrium with the resisting forces 
of tension and compression in the section. It is -well also to 
observe that the origin oftntfymerds is at the centre of the trans- 
verse section, while the origin of coordinates may be at any 
point. 

For the curve AD we have, observing that j- — for ic = 0, 

and y ^ for »! = : — 

m.^=V{nl-(s)-Y{l-x\ (82) 
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For the point D, we have, by making x=^nl, 

g = lani=[l«T-(»-i»')V:4; - - - (85) 



I'or the curve DE, observe that -r- = tangi for ic = n?, and 

y =^ for X ^ nl, tising for their values (85) and (86) in deter- 
mining the constants in the following equations, and we have; — 

Ei'^=-y(i-^), ... - (87) 

Elg=iP»T-V(&-~)' (88) 



Ely = {ix- irijPrf? - V(|^- 1). 



To find the reaction V, observe that j* = 0, for x = liu (89), 
and we obtain : — 

= (3 - «.)PraT - 2Yf ; 

:.Y = ^'{3 ~ nyp. - - - - (90) 

By substituting this value of Y in the preeeding equations, 
they become completely determined. For the curve AD we 



^ = jgj [dnfc - as" - >»X3 - ") (2& - ai")], - (92) 

y = j^j [enfc- - 21' - »'(3 - ») (3&"-«')] i - (93) 
and for the curve DB ; — 

EI §=-iP«X3 -»)(!-»), (94) 
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dy Pn' 



^^ = iEr[^''-(^--)(2S«-«0], - - - - (95) 

y = iJjl[(6»-M)?-(3&'-»!')<3-«)]. - (96) 

The points of greatest strain in these curves are where the sum 
of tlie moments of applied forces is greatest, and this is greatest 
when the second members of (91) and (94) are greatest. Neither 
of these expressions have an algebraic maxinmnij and hence 
we must find hy impecHon that value of cs which ■mll.gvae the 
greatest value of the function withm, the limits of the problem. 
Equation (91) has two such values, one for ai = 0, the other for 
ic = nl, and equation (94) has one such for x =:: nl, which value 
will reduce (91) and (94) to the same value, 

Making ic = in (91) gives for the moment of maximum 
strain, 

sFx = iVl{2n-3n'+n';\ (97) 

Tor the moment of strain at P, make CB = ft?, in (91) or (94), 
and we have 

sFx = ^ Fin' [-3 + in - n"} (98) 

To find where P must be applied so that the strain at the point 
of application shall be greater than if applied at any other 
point, we must find the maximum of (98) : — 

.•.I>n = 0=-~$n + 12n'-in' (99) 

.•.n = 0.634+ - . . - (100) 

or the force must be applied at more than -^ of the length of 

the beam from the fixed end. Thia value of n in (98) gives, 

sP^ = P?x 0.174 

Equation (99) has two values of n, but the other is not within 
the limits of the problem. 

The position of the weight, which will give a maximum strain 
at the fixed end, is found by making (97) a maximum. Pro- 
ceeding in the usual way, we find : — 

1= lily's = 0.422+ (101) 

which in (97) gives, sPa;=P;x 0.181 .... (102) 
and in (98) zFx = P;x0.131 + 

To find where P must be applied so that the strain at the 
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point of application ■will equal the strain at the fixed end, make 
equations (97) and (98) equal to each other, and find 7i. Thia 
gives, 

n=\3.iUl+; (103) 

( 0. 5858 +. 
But n = 0,58S8 + ia the only practical value. 

To find where P muat be applied so that the curve at that 

point shall be horizontal, make -f = ^} ^i*! x^nlm. (95). 

(1. 
This gives nz= \ 3.4141 

( 0.5858 
which are the same as the preceding values of n. To find the 
eorreaponding deflection, make x = nl, and n = 0.5858 +, in 
(93), and we find 

A = 0.0098 ^ (104) 

For n < 0.5858, tang » is + 1 

n > 0.5858, tang * is - }■ - - - - (105) 
n =0.5858, tang * is ) 

= 0in 

(92) or (95), according aa the greater deflection ia to the right 
or left of P. But, according to (105), it belongs to the curve 
AD ; hence use (92). Making n — 0.634 in (92), placing it 
equal zero, and eolving gives, 

31=0. 6045^; 
which in (93) gives, 

3/ = A = 0.00957 1^. (106) 

To find where P muat be applied so as to g^ve an absolute 
maximum deflection ; first find the aliecissa of the point of 
maximum deflection, when P is applied at any point by making 



which, substituted in (93) gives the corresponding maximum 
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deflection. Then find tJiat value of n -which will make the 
expression a maximum. 

The point of contra-flexure in the curve AD is found by 

making -^= in (91) (see Dif. Cal.) which gives, 

3Zrt' — n°/ — %nl 

If n = ^,x=^l. 

The second member of (91) is the moment of applied forces, 
and as it is naught at the point of contrar-flexure, it follows that 
at that point there ia no bending stress, and hence no elongation 
or compression of the fibres, but only a transverse shearing 
stress, fbe value of which is determined in Article 153. 

If a beam rests upon three horizontal equidistant supports, 
and two weights, each equal P, are placed upon it, one on each 
side of the central support and equidistant from it, it fulfills 
the condition of a beam fixed at one end and supported at the 
other, as before stated, and the amount which each support will 
sustain for incipient flexure may easily be found from tlie pre- 
ceding equations. 

The three supports will sustain 3P, and the end supports each 
sustain T = in"(3 -ra)P. (See Eq. (90).} 

Hence, the central support sustains 

Y' =2P-n'(3-m)P. 

If 7j = ^, V = VV P, and V = If P. 

98. CASE VIII. — Let the beam be tixed at one end, bct- 

POETED AT THE OTHEE, AND TJNIFOEMLT LOADED OVEE ITS WHOLE 
LENGTH. 




Take the origin at A, Pigs. 45 and 46, and the notation the 
iame as in the preceding eases, then equation (50) becomes 



(108) 
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Integrating giyes * = ^-jC"^'- ^l+jj C - »'). (l"') 
andy = j^j(»'-4r«:)+i(3ra,-«'); - (110) 
in which _^ = f or a! = ?, and w = for a; = 0. 

If V =; 0, these equations become the same as those under 
Case H. 

Inequation (HO) y iff also zero, for ic = ^; for which values 
wehaYe.V = |"W=fw; ^ - (111) 

This value substituted in equations (108), (109), and (110) 
gives: — 

I^ = 

da? 

dy__ ^ 

dx 48EI ■-' 



EI^=imc(4ic-30; (112) 

(8«'-9ic'+ ?); (113) 



The point of maximmn deflection is found by placing equa- 
tion (113) equal zero and solving for x. This gives 

and this in (114) gives 

y = A =0.0054^^ (115) 

There are two maxima strains ; one for x=:l; the other for 
X = %l. The former in (112) gives 

sPa; = i«!?-iW?, (116) 

and the latter gives 

sPiC = - tItW; := - ^W; nearly. 

The point of contra-flexure is found from equation (113) to 
be at x = ^l, at which point the longitudinal strains are zero, 
and there is only transverse shearing, {See Article 84.) 

If the beam is supported by three props, which are in the 
same horizontal, Pig. 46, then each part is subjected to the same 
conditions as the single beam in Pig. 45. Ilence, if W is the load 
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on half the beam, each of the end props will sustain V = -| "W, 
(Eq. (Ill) ), and the middle prop will sustain 2W- |-W = ^W. 

Such are the teachings of the " common theory." But the 
mathematical conditions here imposed are never realized. It is 
impossible to maintain the props exactly in the same horizontal. 
As they are elastic they will be compressed, and as the central 
one will be most compressed, tlie tendency will be to relieve the 
strain on it and throw a greater strain upon the end supports. 
If tiie supports be maintained in the same horizontal, the results 
above deduced will be practically true for very small deflec- 
tions, but wiU be somewhat modified as the strains approach the 
hreaMng hmit, 

99. CASK IX. — Let the BKiM be fixed at both ehds akd 

A ■WEIGHT BEST UPON IT AT ANT POINT. 

To simplify the case, sup- 
pose that the weight rests ^ 
at the middle of the length. 

Let the beam be extend- 
ed over one support and a 
weight, P, rest at C, sufficient 
to make the curve horizontal 
over the support A. We 
have V = P, -i- ^P. T„ 

Let AC = ql. 

Then for the curve AD we have, 




.-. EI 



dm 



r-iTx 



P,jfe-JPa!'+(O, = 0). 



To find P, obserTe that ?? = for x = il; 
die 

.-. = iP,j? - A Pr ; ■■■ p.! = iP. 

This reduces the preceding equations to the following ;— 
ElC?. =JP(i-4ij) . . - - (IIT) 

- - (118) 

- - (119) 



<iij" 



and by integrating again, we find ; — 
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VP 
Forrt = -j;m{119),!,= A=jg5jj - - - (130) 

There is no algebraic maxiaivim of tlie moment of strain as 
given in the second member of equation (117), but inspection 
shows that within the limits of the problem the moment is 
greatest for a; — or a! = ^l. These in (117) give the same value, 
■with contrary signs ; hence the moment of greatest strain ia 

2Pa:=^±iP; (121) 

The moment ia zero for » = ^. 

lOO. CASE X. — Let the beam be fixed at both ends and 

A LOAD UNEFOEMLT DISIBIBUTED OVER ITS TVHOLE I^KQTH. 



^. 



FM. <B. 

The notation being the same as before used, we hare 

y = P. + ^l 
Let ql = AC. 
The equation of moments is 

EI J^ = ^^' - "^« + P.C?^ + «) 
= ^x' — JwZa! + P,j?. 
Integrating, and observing that ■?- = f or a = ; also y = f or 
ic = 0, and we have 

EI^ - iwx'-^wM-]-F,qlx 
Ely = T^tm' - -iVwfe' + JiP,qhi'. 
; also y = for ic = ? ; 

'■^'~12s ~ 12j 
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wHch subetituted in the previous equations give : — 

^iS=S-[''-<'"<'-"')] - - - (122) 

l=lw[('-»)('-2»)»] - ■ (123) 

j-[(i-«)v] .... (124) 



__W_ 
~24EE I 

1 W? 



. - . (126) 

Making ^j- ^ we find for the pointa of contrarflezn;re 

^ _ J 0.7887^ 
^ - \ 0.2113; 
at which points there is no longitudinal strain, but a transverse 
shearing strain. (See Article S4.) 

The maximum moments are for a: = and x = ^L 
For IB = 0, the second member of Eq. (122) gives ^yfl. (126) 
Fora; = |Z, " " « ^Wl. 

Hence the greatest strain is over the support, at which point 
it is twice as great as at the middle. If ■W"= P, we see that 
the strain over the support is -f as great in this case aa in the 
former. 
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101. BE$TJI.TS COI.I.i:€TEII. 



SUPPOHTED 



OKEKND 
POKTED Al 



At 0.6342 

Eq. (100). 



i (104). 



Eq. (115). 



.(123). 



103. BBraABKS.^It will be seen that the greatest strains 
in the let and 2d cases are as 2 to 1 ; and the same ratio holds 
in the 4th and 5th cases ; but in the 9th and 10th the ratio is as 
3 to 2. This ia peculiar, and further remarts are made upon 
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it in Article 119. The maximum strains in Cases "VTI. and 
VIIL do not occur at the points of maximum deflection. 

Although the moment in the 1st case is to that in the 3d ae 2 
to 1, yet the deflections are as 8 to 3 ; and in the 4th and 5th 
cases the deflections are as 8 to 5, 

A comparison of Oases TV. and IX. shows the advantage of 
fixing the ends of the beam. The same remark applies to Cases 
V, and X. In the former cases the strain is only one-half as 
great when the beam is fixed at the ends as when it is supported, 
and in the latter two-thirds as great. 

Other interesting results may be seen by examining the table. 



103. MODIFICATION OF THE FORI*ElTI.AS FOR DEFLEO- 

Tiow. — It will be observed that the general form of the expres- 
sion for the maximum deflection of rectangular beams is 

A = constant x yrji 

Prof. W. A. Norton, of New Haven, Ct., has made experi- 
ments to test the correctness of this expression. (See Van Nos- 
tranWs Edectio Engineering Magazine, vol. 3, page 70.) Ac- 
cording to his experiments, ^/OT* teams supported at their ends 
and loaded at the middle, the expression should be 

^ = ms+^u (i^*") 

For the pine sticks which he used he found the mean value 
of to be 

C = 0.0000094. 

A consideration of transverse shearing stress, in combina- 
tion with the stretching and compressing of the fibres, leads to 
an expression of this form. For, as we have before seen, the 
strain is evenly distributed over the whole transverse section, 
and hence the deflection will vary inversely as the area, or as 
M; it is also uniform over - its whole length, and equal |P (see 
Example 2, Article 84) ; and hence the amount of deflection 
will vary as JP; and the total deflection at the middle will 
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evidently vary as the length ; or, in this case, aa ^. Hence, 
the total deflection due to transverse shearing is, C^-^- in 

J TT?' '^'iicli is the same form as that given by Profeesor Norton. 

The same form of expression is al&o reached, in a more circuitous 
way, by Weisbach, in his Mechanics of ]£ngine&nng, 4th edi- 
tion, vol. 1, page 522 of the recent American edition. 

In Professor Norton's formula J C is the reciprocal of the co- 
efficient of elasticity to transverse shearing of white pine ; hence 
the coefficient is 425,531 pounds. The mean value of E in the 
above experiments was found to be 1,427,965 lbs. ; and hence, 
in this case, the reciprocal of ^0 is a little more than 3^ of E, 
Weisbach, in tJie reference above given, says : " The coefficient 
of elasticity for transverse shearing is generally assumed to be 
ec[ual to -J-E." 

If the load is uniformly distributed over the whole length, 
the shearing stress on any section, distant x from the end, ia 
^wl — wx. (See Example 1, Article 84.) Hence the deflection for 
an element of length of a rectangular beam due to this cause, is 

^ u — ' 

and for a distance a! this becomes by simple integration, 

and for half the length, make a; = ^, and the expression be- 



from which we see that the same load, distributed uniformly 
over the whole length, produces half as much deflection due to 
transverse shearing as the same load concentrated at the middle. 
Equation (76) when corrected for this effect becomes 

from which we see that if the depth be constant the deflection 
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due to transverse shearing will be more apparent compared with 

that due to the other cause, as the piece is shorter. If the piece 

is very long, the effect due to C is comparatively small. If 

4 

w ^ ^E, as assumed by Weisbach, the deflection becomes 

lil = d the quantity in [ ] becomes |-+12 ; or the effect due 
to C is ^ of that due to E. 

If ^ = 20d, the effect due to C is ^Jj- nearly of that due to E. 



104> ADDITIONAL FROBLEinS n'BICB ABE PIJRP08EI.T 
LEFT UNSOLVED. 

1, Suppose that a beam is supported at its extremities, and 
has two forces at any point between. In this case the curve 
between the support and the nearest force will have one equa- 
tion ; the curve between the forces another ; and the remaining 
part a third, 

3, In the preceding ease, if the forces are equal and equidis- 
tant from the supports, the curve between the forces will be the 
arc of a circle. 

3. Suppose that the beam is uniformly loaded and rests on 
four supports. 

4. Suppose that the beam is supported at its extremities and 
has a load uniformly increasing from one support to the other. 

5. Suppose that the beam is uniformly loaded oyer any por- 
tion of its length. 

6. Suppose that it has forces applied at various points. 
These problems will suggest many others. 

7. Suppose that a beam is supported at several points, and 
loaded uniformly over its whole length. 

Let W = the weight between each pair of supports, 

V,, V„ V„ &c., be the reactions of the supports, counting 
from one end, 
and let the distances between the supports be equal. 
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Then we have : — 
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If the beams and props were perfectly rigid, all but the end 
ones would sustain W, and the end ones each ^ W. 

It may be shown that, for any number of equidistant props, 
the inclination at the end may be found from the equation 



which for 10 props becomes 



153 W? 
^ 265 24EI ' 



and the maximum deflection for any number of props is 



A = (2tV-tW)35™i 



103. BEA.inS OF VARIABI.E SECTIOK!^. 

For these I is variable, and. its value must be substituted i 
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ecLuation (50) before the integration can be performed. As an 

example, let the beam be 

fixed at one extremity, and 

a weight, P, be suspended at 

the free extremity, Fig. 50. 

Let the breadth be constant, 

and the longitudinal vertical 

Bections be a parabola. Then 

all the transverse sections 

will be rectangles. 

Let I = the length, ^"^ ^■ 

h =; the breadth, and 
d = the depth at the fixed extremity. 
If y is the whole variable depth at any point, we have, from 

the equation of the parabola, 

(^)° =pa;,OT^d'=pl, .; p = jT, in which^ is the parameter 
of the parabola. 

.■.y' = X. (12^ 

From equation (51) we have 

I = -j^^', itt which substitute y, from equation (127), and we 
IiaTeI = A^»' - - - -. (128) 



The equation of moments is, see equation (50), 

EI ^ = Pjc, in which substitute I, from equation (128), and 
we have 

^_12P?* 



and we have 
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Integrating again gives 



y is zero for ai~0. 
« = A f or » = ^ ; 



"EM" 



(129) 



If, in equation (57), we substitute I = 1^*0!' (Eq. (51)), it be- 
comea 

^V 
^~ E^f 
which is one-half that of (129) ; hence the deflection of a prismatic 
beam is one-half that of a parabolic beam of the same length, 
breadth, and greatest depth, when fixed at one end and free at 
the other, and has the same weight suspended at the free end. 

In a similar manner the equation of the curve may be found 
for any other form of beam, if the law of increase or decrease 
of section is known. Several examples may be made of beams 
of uniform strength, which will be given in Chapter VII. 

100. BEANS SUBJECTED TO OBI^IttUE ;STRAINS.— Zet the 

beam be prismaUc, jajed at one end, and 
support a wetght, F, at the free end; the 
beam being to iriMneA tliat the direction of 
the force shall make am, obtuse angle mth &e 
aaia of the beam, as in Fig. 51. 
Let Pi = P am fl = conipiment of P per- 
peudionlH to the axis of the beam, 

P, = P cos fl = component paraDd to 
the azia at the beam. 
Take the origin at the free end, the axis 
of X beii^ parallel to the azia of the beun, 
and ;/ perpendicular to it. 
Then equation (50) becomes 




in which p' = 
dixIIL) 



,^ = -p%+S'3, (130) 

^ ; and ?* = s;- The complete int^ral of (130) is (aee Appen- 
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135 



The conditioiis of the problem give 

^ = OforiC = 0; andtheBe oombined with the preceding equation 



= ?r <7,/ +0,/)- 



P' 



1^1: 



T^m which Ci and Ci maj be found, and the equatioa becomes completely 
known. 
We also have y = A for at = /; 



ilToci, swpppgfl tAa! the force makes an acute angle with the axis of the beam, at 
in Fig. 63. 

Por the Bake of variety, take the ori^ at A, the Esed end, x, still coin- 
ciding with the axia of the beam before flexure. Using the sasie natation as 
in the preceding and other cases, we have 

^±-^yi ■s^.i, , ______ (131J 



___ =y(i-») + e'(A 
The complete integral is 




sins(^ + B)-^(i-ar) (133) 

In which A and B are arbitrary conatanta. 
From the problem we have 
y = Ofora!=0; 



of which the eqoatioi 
ipletely known. 



7is. GS. 

From these examples we see how easily the problem is com- 
plicated. One difficulty in applying these cases in practice is 
in determining the value of I. Before it can be determined, 
the position of the neutral axis must be known. According to 
Article IB, 3d case, it appears that the neutral axis does not 
coincide with the axis of the beam. Indeed, according to the 
same article, it is not parallel to the axis, and hence I is varia- 
ble, and the equattons above are only a secondary approxima- 
tion ; the fiiBt approximation being made in establishing equa- 
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tion (50), and the next one in assuming I constant. All writ- 
ers, within the author's acq^uaintance, who have investigated this 
and similar cases, beginning with Navier, have assumed that I is 
constant, and that the neutral axia coincides with the axis of 
the beam. These aasumptions may be admissible in any prac- 
tical case were extreme accuracy is not desired. Many other 
practical examples might be given, the solutions of which are 
more difiieult than the preceding; but enough have been 
given to illustrate the methods. 



107. FlBXtlBB OF. COI-trHINS. 

— If a weight rests upon the axis 
of a perfectly symmetrical and 
homogeneous column, we see no 
reason why it should bend it ; 
but in practice we know that it 
will bend, however syrmnetrical 
and homogeneous it may be, and 
however carefully the weight may 
be placed upon it. If the weight 
be small, the deflection maynot be 
visible to the unaided eye. If the 
weight is not so heavy aa to crush 



1 



M. no 6S. 

the column, an equilibrium will be established between the 
weight and the elastic resistances within the beam. Let the col- 
umn rest upon a horizontal plane, and the weight P on the upper 
end be vertically over the lower end. Take the origiu of eo5r- 
dinates at the lower end of the column, Fig. 53, ic being ver- 
tical, and y horizontal. They must be so taken here, because x 
was assumed to coincide with the axis of the beam when equa- 
tion (50) was established. Then y being the ordinate to any 
point of the axis of the column after flexure, the moment of 
P is Py, which is negative in referen-ce to the moment of re- 
sisting forces, because the curve is concave to the axis of a^, in 
which case the ordinate and second differential coefficient must 
have contrary signs (Dif. Cab). Hence we have, 



-Py 



(133) 
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Multiply by dy and integrate (observing that dxe is confltant), 
and find 

Bnt^ = for y = A = the maximum deflection. These 

values in the preceding equation give C, = -^oTi 'which being 
enbstituted in the same equation and reduced gives 

, Iei" ^y 

Np VA' — y 

But j( = for a; = ,-. (7, = 0. Hence the preceding gives 

3/ = A sin ^^ X {13i} 

But y = for x — l. Therefore, if « is an integer, these val- 
ues reduce (134) to 



J|jXZ = n.; 



VEI 
.-. P = EI^ (135) 

This yalue of P reduces (134) to 

as 
2/ = A sm ««■ =■ 

which is the equation of the curve. It is dependent only upon 
the length of the column and the maximum deflection. K 
n=l, the curve is represented by a, Fig. 64 ; if n = 2, by 
J ; if ra = 3, by c. 
If » = 1, equation (135) becomes 

P = ^EI (136) 

which is the formula to be used in practice. We see that the 
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resistance is independent of the deflection. If the column is 
cylindrical, I = J x r' (see equation (52) ) ; 

■•■^=-^^^ (137) 

hence the resistance varies as the fourth power of the ra^us (or 
diameter), and inversely as the square of the length. If the 
column is square, I = ^b' (equation (51) ), 

•■■p='S4 (i^«) 

These formulas, according to Navier * and Weisbach,f should 
be used only when the length is 20 times the diameter for 
cylindrical columns, or 20 times the least thickness for rectangular 
colunms ; and Navier says that for safety only ^ of the calcu- 
lated weight should he used in ease of wood, and j to -J- in case of 
iron ; but Weisbach says they should have a twenty-fold security. 

Siean^ikil. — What must be the diameter of acaat-irou column, whose lengtb 
is 13 feet, to Bastaia & weight of 80 tons (of 2,000 Ibe. each) ; E = 16,000,000 
lbs. ; and factor of safety Vir- *""■ d = 7.53 in, 

3, If the column be aciunxe and the data the Bame as in the preceding exam- 
ple, equation (138) gives 



-<!' 



la X 60,000 X (13 X 13)' ) 



(3-1416)' X 16,000,000 ~ 
In the analysis of this problem I have followed the method of 
Navier ; but as it is well known that the results are not rehed upon 
by practical men, I have given only one case. For other cases 
see Appendix III. There are some reasons for the failure of 
the theory which are quite eiddent, but it is not easy to remedy 
them ; and for this reason the empyrical formulas of Article 52 
are much more satisfactory. It will be observed that the law of 
strength, as given in the formulas in that article, are the same as 
those given in equations (137) and (138) for wooden columns, 
and nearly the same as for iron ones. The chief difEerence is in 
the coefficients, or constant factors. In the analysis it was as- 
sumed that the neutral axis coincides with the axis of the beam, 
but it is possible for the whole column to be compressed, although 
much more on the concave than on the convex side, in which 

* Navier, B^sunae des Lefons, 1839, p. 304. 

t Weiabach's Mechaniaa and ^igijieeriiig. ToL 1, p. 319. Ist Am. ed. 
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case the neutral axis ■would be ideal, having its position entirely 
oiiteide the heam on the convex side. In this case, if the ideal 
axis is parallel to the axis of the beam, it does not affect the form 
of equation (136), but it does affect the value of I ; and hence 
the values of equations (137) and (138). The problem of the 
flexure of columns is then more interesting ae an analytical one 
than profitable as a practical one. 

GRAPHICAL METHOD. 

108* THK GKAPHiCAi. METHoi* cousists in representing 
quantities by geometrical magnitudes, and reasoning upon them, 
with or without the aid of algebraic symbols. This method has 
some advantages over purely analytical processes; for by it 
many problems which involve the spirit of the Differential and 
Integral Calculus may be solved without a knowledge of the 
processes used in those branches of mathematics ; and in some 
of the more elementary problems, in which the spirit of the 
Calculus is not involved, the quantities may be directly presented 
to the eye, and hence the solutions may be more easily retained. 
It is distinguished, in this connection, from pure geometry by 
being applied io problems which involve mechanical principles, 
and to use it profitably in such cases requires a knowledge of 
the elementary principles of mechanics as weU as of geometry. 

But graphical methods are generally special, and often re- 
qnire pecuhar treatment and much skill in their management. 
It is not so powerful a mode of analysis as the analytical one, 
and those who have sufficient knowledge of mathematics to use 
the latter will rarely resort to the former, unless it be to iUua- 
trate a principle or demonstrate a problem for those who cannot 
nse the higher mathematics. A few example will now be given 
to illustrate the method. 



109. CBNERAL PROBLEin OF THE DEFLECTION OF 

BEAMS. — To find the total deflection of aprismatio hemn, which 
is bent hj a force acting normal to the axis of the beam, 
without the aid of the Calculns. 

Let a beam, AB, Fig. 55, be bent by a force, P, in which 
case the fibres on the convex side will be elongated, and 
those on the concave side will be compressed. Let AB be the 
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Take two sections normal to the neutral axis 
at L and N, wMch are in- 
definitely near each other. 
These, if prolonged, will 
meet at some point as O. 
Draw KN parallel to LO. 
Then will ke, = a, be the 
distance between KN and 
EN at k, and is the elonga- 
tion of the fibre at Jo. Let 
eH = y^ then from the 
similar triangles hJ^e and 
LON we have 
N^. LN LN 

-■ON^- 




ON: Ne:: LN: 



ON 

If, now, we conceive that a force _^, acting in the direction of 
the fibres, or, wliich is the same thing, acting parallel to the 
axis of the beam, is applied at ^ to elongate a single fibre, we 
have, from equation (3) and the preceding one, 

in which Aa is the transverse section of the fibre. As the see- 
lion turns about N on the neutral axis, the moment of this 
force is 



2y>j = 



ON 



which is found by multiplying the force by the perpendicu- 
lar y. 

This is the moment of a force which is sufiicient to elongate 
or compress any fibre whcee original length was LN, an amount 
equal to the distance between the planes KN and EN measured 
on the fibre or fibre prolonged. Hence, the sum of all the 
moments of the resisting forces is 
E 



ON 



'S.y' Aa 



in which £ denotes summation ; and in the first member means 
that the sum of the moments of aU the forces which elongate 
and comprtes the fibres is to be taken ; and in the second mem- 
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ber it means that the Bum of all the quantities y' Aa included in 
the transverse eeetion ia to be taken. The qnantitj, zy A* is 
called the moment of inertia, which call I. 

But the Buni of the moments of the r^istiug forces equals 
the sum of the momenta of the applied forces. Calling the latter 
iPX, in which X is the arm of the force P, and we have 

In the figure draw LJ tangent to the neutral axis at L, and 
N« tangent at N. The distance ah, intercepted by those tan- 
gents on the vertical through A, is the deflection at A due to the 
curvature between L and N. As LN is indefinitely short, it 
may be considered a straight line, and equal x ; and L5 = LC 
very nearly for small deilections ; and LO = X. (L stands for 
two points.) 

By the triangles OLK and aLh, considered similar, we have 

O'E : X :: JJ> : ah = ^. 

in which substitute ON from equation (139) and we have 

a5=5L*5, (140) 

which is sufiiciently exact for small deflections. If, now, tan- 
gents be drawn at every point of the curve AB, they will divide 
the line AC into an infinite number of small parts, the sum 
of which will equal the line AC, the total deflection. But the 
expression for the value of each of these small spaces will be of 
the same f oi-m as that given above for al, in which P, E, and I 
are constant. 

This is as far as we can proceed with the general solution. 
We will now consider 

PARTICULAE CASES. 

11©. CASE 1.-I.ET THE BEAIlt BE F\TLEO AT ONE END, 
AND A LOAD, P, BE APPLIED AT TlIE FUEE ENB,— This is a 

part of Case I., page 99, and Fig. 37 is appheable. The moment 
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of P, in reference to any point on the axis, is PX. Hence sPX 
IB eimply PX, which, substituted in equation (140), gives 



•■•AO=|j!:X'« ------. (141) 

This equation has been deduced directly from the figure. It 
now remains to find the sum of all the values of X'x, which 
result from giving to X all possible values from X = to 
X = I*. To do this, construct a figure some property of which 
represents the expression, but which has not necessarily any 
relation to the problem which is being solved. If X be used 
as a linear quantity, X' may tie an area and X'ss wiU be a small 
volume. These conditions are represented by a pyramid, Fig. 
56, in which 

AE = 1 = the altitude, and the base BCDE is a square, whose 
sides, BC and CD, each — I. Let bvde be 
a section parallel to the base, and make 
another section infinitely near it, and call 
the distance between the two sections x. 

Then Ah = X=he = cd, 

X' = area iode, and 
XV = the volume of the la- 
mina icde, 
which is the expression sought. The sum . 
of all the lamins; of the pyramid which ^'°- >>*• 

are parallel to the base is limited by the volume of the pjTaraid, 
and this equals the value of the expression xX'x between the 
limits and I. The volnme of the pyramid is the area of the 
base (— /') multiplied by one-third the altitude {^l), or ^P, 
which is the value sought. 

P? 
Hence, AC = -^^j 

which is the same as equation (57). 

The value of X'x may also be found by statical moments as 
follows : — Let ABC, Fig. 57, be a triangle, whose thick- 




is b; tile oaloulus becomes / ai'da! = ll' 
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ness is unity, and which is acted upon by gravity (or any 
other system of parallel forces which is the same 
on each unit of the body). Take an infinitely 
thin strip, he, perpendicular to the base, and 
let AB = ? = BC, 
Ai = X = he, and 
^ = the weight of a unit of volume. 
Then Sx = the area of the iiifiuitely thin strip be, and 

pX.x = the weight of the strip 5c, and 

j)X'x = the moment of the strip, when A is taken as the 
origin of momentft. If the weight of a unit of vohime be taken 
as a unit, the moment becomes X°3;, which ia the quantity sought, 
and the value of sX'a; from to ^ is the moment of the whole 
triangle ABC. Its area is ■^?, and its centre of gravity ^l to the 
right of A. Hence the moment is ^P as before found.* 

111. CASE II.— I.ET THi: BEAin BE FIXED AT ONE ENS, 
AIVD UNIFORMLY^ LOADED OVER ITS WSOIiE liENCTH. — 

This ia the same as a part of Case II., page 101, and Fig. 39 is 



Let X he measured from the free end, and 
w = the load on a unit of length ; then 
wX = the load on a length X, and 

^X = the distance of the centre of gravity of t]ie load from 
the section which is considered. 
Hence the moment is ^wX', which equals sPX, and equation 
(140) becomes 



AC = ntTj ^X'lB = the total deflection. 

To iind the value of sXV, observe, in Eig 56, that 'X.'x is 
the volume of the lamina bcde, and this multiplied by the alti- 
tude of A— bode, which is X, gives X'k, the expression sought. 
Hence the sum sought is the volAj/me of the pyramid A— BCDE, 

" This may be written 2 S^a = \l'. 
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multiplied hy the distance of the centre of gravity of the pyra- 
mid from the apex ; or, 

■•■^^ = 8KI=8-ETI ■ ■ - - ^1*2) 
where "W is the total load on the beam. 

113. CASB III. — LET THE BEAU BB SUPPOItTEI) AT ITS 
ENDS AND LOADED AT THE MIDDLE BT A IFEIGHT P, ae iu 

Fig. 40. The reaction of each support is ^P, and the moment 
is IPX, and equation (140) becomes 

But in this ease the greatest deflection is at the middle, and 
the limits of zXV are and ^l. Hence, in Fig, 56, let the 
altitude of the pyramid be ^l, and each side of the base also ^l, 
and the volume will be 

■AC--^ 

which is the same as equation (73). 

1 1 3< CASE IV,— -LET THE BEAIU BE SUPPORTED AT ITS 
ENDS AND XJNIFOBmLV LOADED, AS IN FIG. 42. 

w being the load on a unit of length, the reaction of each 
support is ^wl, and its moment at any point of the beam is 
^jfwlS.. On the length X there is a load wX, the centre of 
■which is at J-X from the point considered ; hence its moment is 
^X', and the total moment is the difference of these moments j 

.-. zPX = jjwlX - IwX", 
and equation (140) becomes 

af> = 3^ J {^X'iC - X'x), 
and the total deflection at the middle is, 
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The Yaluea of the terms within the parentheses have already 
been found, and by subtracting them we have 

AG- ^ ^. 
^^-384 E.I 

1 14. BBRiABK ABOCT OTHER CASES. — This method, 
which appears so simple in these cases, unfortimately becomes 
very complex in many other cases, and in some it is quite pow- 
erless. To solve the 9th and 10th cases, pages 115 and 116, ne- 
cessitates an expression for the inclination of the curve, so that 
the condition of its being horizontal over the support may be 
imposed upon the analysis. But the 9th case may be easily 
solved if we find by any process that the weight which must 
be suspended at the outer end of the beam to make it horizontal 
over the siipport is ^Pl divided by AC,* Fig. i1. For, the 
reaction of the support is ^P + P ; 

.-. sPX = P,{AO + X) - (^P-l-P,)X 
= P,AC - iPX 

= ip;-jpx 



E.I 



p 

and the deflection at the centre = -J-^p-j {l^Xx — 42X'iZ!) taken 



between the limits and ^l. 

The part sXa; is the area of a triangle whose base and alti- 
tude are each j^l, .-. eSjc — ^P, and sX'ic between the limits 

P P 
and il, is i^P .: ACf = j^ eI" 

All these expressions contain I, the value of which remains to 
be found by the graphical method. 

* This " AC " refers to Fig. 47. 
t This " AC " refers to Fig. 65. 
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lis. IflOmtEKT OF INEIITtA OF A BKCTANOLB.- 

the moment ofinertia of a rectangle a^out one end as an a^eia. 
Let ABCD, Fig, 58, be a rectangle. Make BG perpendicu- 
lar to and equal AB, and complete the 
wedge G ~ ABCD. 

Let Ad = the area of a very small sur- 
face at E, and 
j/:=: AE = EF, then 
y ^a = the volume of a very small 
prism EE, and this multi- 
plied by y gives 
y'Aa = the moment of inertia of 

the elementary area at E, ^ 

which is also the statical 

moment of the prism EE, and 

^S'" A« = I = the moment of inertia of the rectangle 
ABOD. 
Hence the moment of inertia of the rectangle is represented 
by the statical moment of the wedge G — ABCD. If 
AB = d= BG, and 
AD = A, 
then the volume of the wedge is 

and the moment = ^ x ft? = ^5(f (143) 

If the axis of moments passes tlirougb the centre of the rec- 
tangle, and parallel to one end, we have BE = GB = -JtZ in 
Eig. 59. Hence the moment of inertia of the rectangle = 

3x5x^xit?xfofi(? = TVM' 
which is the same as equation (50). 

116. THE monENT OF INERTIA OF A TRIANGLE aboUt 

an axis parallel to the base and passing through the vertex is, 
in a similar way, the statical moment of the pyramid ABCDE, 
Fig, 60, 

Let h = CB = base of the triangle, and 

d = AB = BD = CE = altitude of the triangle and 
pyramid and sides of the base of the pyramid. 
The volume of the pyramid = -J- hd?. 

The centre of gravity is %d from the apex, consequently the 
statical moment ia -J- W x JtZ = ^d'. 
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But in a triangular beam the neutral axis passes through the 
centre of gravity of the triangle, and it is desirable to find the 
moment of inertia about an axis which passes through the centre 
and parallel to the base. 

This may be done as in the preceding Article ; but it may be 





more easily done by using 'ih.e forrmda of reduotion, which is 
as follows: — Ths moment of inertia of a figure ahout an axis 
passing through its centre equals the mOTnent of inertia about an 
axis parallel to it, mimts the area of ths figure multiplied by 
the square of the distance between the axes. (See Appendix III.) 
This gives for the moment of inertia of a triangle about an 
axis passing through its centre and parallel to the base 
i&f -is<^x (W = A^ (1*3) 

117. THB MOMENT OF tKBRTIA OF A CIRCLE; maybe 

represented in the same way, but it is not easy to find the vol- 
ume of the wedge, or the position of its centre of gravity, 
except by analysis which is more tedioi^ than that required to 
find the moment directly, as was done in equation (51). But it 
may be found practically, by those who can only perform 
multiplication, as follows :— Make a wedge-shaped piece out of 
wood, or plaster of Paris, or other convenient material, the base 
of which is the semicircle required, and the altitude is the 
radius of the tiircle ; then find its volume by i 
merging it in a liquid and measuring the amount of 
water displaced. Then determine the distance of | 
the centre of gravity of the wedge from the centre ' 
of tbecircleby balancing it on a knife edge, holding 
the edge of the knife under the base of the we<lge, fio bo a 
and parallel to the edge, ab, of the wedge, keeping the side 
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Tertica!, and measuring the distance between the edge ah and 
the Hne of Bupport. Then the etatical moment is the product 
of the volume multiplied by the horizontal distance of the 
centre from the edge. Its value for the whole circle, or for 
both wedges, is Jar'. 

There are, however, many methods of calculating the moment 
of inertia of a circle without using the Calculus. The following 
method, which the author has devised, appears as simple as 
any of the known methods : — 

The moment of inertia of a circle is the 
same about all its diameters. Hence the 
moment about X in the figure, plus the 
moment about Y, equals twice the moment 
about X. The distance to any point A is, \ 
p, and equals -/jc' + jr* ; or f' —x' + y' ; 
and if A« be an elementary area, 
fore, we have 




the latter of which is called the polar moment of inertia, in 
reference to an axis perpendicular to the plane of the circle, and 
passing through its centre C. To find the value of 2A«p', 
take a triangle whose base and altitude are each equal to r, the 
radius of the circle, and revolve it about the axis tlirough 0, 
and construct an infinitely small prism on the element Aa as a 
base. 
We have ^ = CA = AB, Fig. 60 c. 

A« p = volume of the small prism AB. 

AarOA= Ao^'=the moment of AB, 
the form of the quantity sought. 
Hence S Aa f is the product of the volume of the 
solid generated by the triangle, multiplied by the 
abscissa of its centre of gravity from 0. The solid is what re- 
mains of a cylinder after a cone has been taken out of it, the 
base of the cone being the upper base of the cylinder, and 
the apex of- which is at the centre of the base of the cylinder. 
Hence the volume of the soHd is the volume of the cyHnder, 
leas the volume of the cone ; or »/ x t" ~ «r' x V' = ^tt'. 
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If now the solid be divided into an infinite number of pieces, 
by planes which pass through its axis, each small solid will be a 
pyramid, having its vertex at C, and the abscissa to the centre 
vi gravity of eaxih is ^r from C. Hence we finally have 

S Aap' = f »r'x I?"— i"""', which 
equals 2 2 Aa x". 

.: S Aax" = i^'. (144) 

118. MOmENT OF INERTIA OF OTHER SURFACES. The 

general method indicated in the preceding articles is applicable 
to sm'faees of any character, and with careful manipulation ap- 
proximations may be made which will be very nearly correct, 
and, as we have seen above, in some cases exact formulas may 
be found. 
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CHAPTER YI. 



TRANSVERSE STRENGTH. 



119. STBENGTB OF BECTANOVI.AR BE&ins.- — The the- 
ories which have been advanced from time to time to explain 
the mechanical action of the fibres, have been already given 
in Chapter IV, Both the common theory, and Barlow's theory 
of "the resistance to flexure" will be considered in this chap- 



First, consider the common theory, according to which the 
neutral axis passes through the centre of gravity of the trans- 
verse sections, and the strain upon the fibres is directly propor- 
tional to, their distance from the neutral axis. 

Continuing the use of the geometrical method, let Fig. 61 
represent a rectangular beam 
which is strained by a force P 
applied at any point. Let de be 
on the neutral axis, and ab repre- 
sent the strain upon the lowest 
fibre. Pass a plane, (fe-c5, and 
the wedge so cut oft represents 
the strains on the lower side, and 
the similar wedge on the other 
side represents the strains on the 
upper side. 

Let K = the strain upon a piq. hi. 

unit of fibres most remote fram the neutral axis on the side 
which first ruptures, on the hypothesis that all the fibres of the 
unit are equally strained, and I = the breadth and (^ = the 
depth of the beam. 

Let aJ = R ; then, the total resistance to compression = ^Sb 
X ^d — iPM, = the volume of the lower wedge ; and the mo- 
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ment of registaruse ia this value multiplied by the distance of 
the centre of gravity of the wedge from de, which is f of ^i? = 
^d; conseqiiently the moment is 

and as the moment of resistance to tension is the same, tite total 
moment of resistance ia 

iEM", (145) 

which equals the moment of the applied or tending forces. 

If the beam be fixed at one end and loaded by a weight, P, at 
the free end, we have for the dangerous section, or that most 
liable to break, 

p; = ^KW. 
In rectangular beams the dangerous section will be where the 
sum of the moments of stresses is greatest, the maximum values 
of which for a few cases are given in a table on page 118. Using 
those values, and placing them equal to ^SJ>(P, and we have for 
solid rectangular beams at the dangerous section, the following 
formulas : — 

Fob a beam fixed at one end and a load, P, at the feee 

END ; P; = |K&? ; - - - (146) 

And foe an unifokm load ; -JW? = ^Shd^ - - (147) 
Foe a beam supported at its ends and a load, P, at the 

MIDDLE ; iP; = ^RM^ ; (148) 

And foe an unifoem load ; ^Wl. = -J-RStf ; - (149) 
And foe a load at the middle, and also an tjbifoem load ; 

i(2P + W)l ^ iHid' • . . . . (150) 

Foe a beam fixed at both ends and a load, P, at the 

middle; iPZ^^Eitf; (151) 

Ani5foean uniform LOAD, end section ; ^'WZ:^-J-E^; (152) 

Middle section ; ^Wl = \'Rbd' (153) 

These expressions show that in solid rectangular beams the 
strength varies as the breadth and square of the depth, and 
hence breadth should be sacrificed for depth. In all the cases, 
except for a beam fixed at the ends, it appears that a beam will 
support twice as much if the load be uniformly distributed oTer 
the whole length as if it be concentrated at the middle of the 
length. The ease in which a beam is fixed at both ends and 
loaded at the middle has given rise to eonsiderable discusBion, 
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for it is found by experiment that a beam whose ends are fixed 
in walls or masonry will not sustain as much as is indicated by 
the formula, and also that it requires considerably more load 
to bi-eak it at the ends than at the middle, but the analysis 
shows that it is equally liable to break at the ends or at the 
middle. But it should be observed that there is considerable 
difference between the condition of mathematical fixedness, in 
which case the beam is horizontal over the supports, and that of 
imbedding a beam in a wall. For in the latter ease the deflec- 
tion will extend some distance into the wall. 

Mr. Barlow concludes from his experiments that equation 
(161) should be 

^P; = |E^ (154) 

and this relation is doubtless more nearly realized in practice 
than the ideal one given above. In either case, it appears that 
writers and experimenters have entirely overlooked the effect 
due to the change of position of the neutral axis, which must 
take place. It has been assumed that the neutral axis coincides 
with the axis of the beam, and that its length remains unchanged 
during flexure ; but if the ends of the beam are flxed, the axis 
must be elongated by flexure, or else approach much nearer the 
concave than the convex side, or both take place at the same 
time, in which case the inoment of resistance will not be ^EJ<^. 
The phenomena are of too complex a character to admit of a 
thorough and exact analysis, and it is probably safer to accept 
the results of Mr. Barlow in practice than depend upon theoreti- 
cal results. 

130. nioi>i3i,T:8 or khptube. — When a beam is support- 
ed at its ends, and loaded uniformly over its whole length, and 
also loaded at the middle, we find from equation (150) 



=ie|J^' (-) 



in which W may be tlie weight of the beam. Beams of known 
dimensions, thus supported, have been broken by weights placed 
at the middle of the length, and the corresponding value of R 
has been found for various materials, the results of which have 
been entered in the table in Appendix IV. This is called the 
Modulus of Ruftube, and is defined to be the strain upon a 
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square inch of fibres tnost remote from the neutral axis on the 
side which first rwptures. It would seem from this definition 
that K should equal either the tenacity or crushing resistance of 
the material, depending upon whether it broke by crushing or 
tearing, but an examination of the table shows the paradoxical 
result that it never equals either, but is always greater than the 
smaller and less than the greater. For instance, in the case of 
cast iron : — 

The mean value of T = 16,000 lbs. 
" " C = 96,000 " 

" " R = 36,000 " nearly, 

hence K is about SJ times T, and a little over -J of C. 
For English oak — 

T = 17,000 lbs. ; 
C = 9,500 lbs. ; and 
K = 10,000 lbs. ; 
hence E exceeds C, and is- more than half of T. 
For ash — 

T = 17,000 lbs.; 
C = 9,000 lbs. ; and 
E = 12,000 lbs.; hence 
E = 1^ C and about | T. 
These discrepancies have long been recognized, and the cause 
has generally been attributed to a departure from the law of 
perfect elasticity and a movement of the neutral axis away from 
the centre of the beam in the state bordering on rupture ; but as 
the laws of these variations were not assigned, their influence 
could not be analyzed. (See Articles 74 and 75.) 

The tabulated values of E being found from experiments up- 
on solid rectangular beams, they are especially applicable to all 
beams of that form, and they answer for all othere that do not 
depart largely from that form ; but if they depart largely from 
that form, as in the case of the i (double T) section, or hollow 
beams, or other irregular forms, the formulas will give results 
somewhat in excess of the true strength ; and in such cases Bar- 
low's theory gives results more nearly correct. 

But if, instead of E, we use T or C, whichever is smaller, in the 
formulas which we have deduced, and suppose that the neutral 
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axia remains at the centre of the beam, we shall akoays he on 
the safe side ; but there would often be an excess of strength, as, 
for inBtanee, m the case of cast iron the actual strength of the 
beam would be about twice as strong as that found by such a 
computation. 

The difficulty is avoided, practically, by using such a small 
fractional part of li as that it will be considered perfectly safe. 
Thia fraction is called the coefficient of safety. The values com- 
monly used for beams are the same as for bais, and are given 
in Article 38, 

Experiments should be made upon the material to be used in 
a structure, in orderto determine its strengtli ; but in the absence 
of such experiments the following mean values of K are 
used: — 

850 to 1,200 lbs. for wood, 
10,000 to 15,000 lbs. for wrought iron, and 
6,000 to 8,000 lbs. for cast iron. 



131. PRACTICAIi FOBni:iri.AS. 

If R = 1,000 for wood, and 

12,000 for wrought iron, 

we ha/oe for a rectangular beam, supported at its ends ajid 
haded at the middle of its length, 

^666^, , . , 

if = — -j tor wooden beams ; and 

^ 8000M", . . . 

l* = — ~j— tor wrought-iron beams. 

The length of the beam, and the load it is to sustain, are gen- 
erally known quantities, and the breadth and depth are required ; 
but it is also necessary to assume one of the latter, or assign a 
relation between them. For instance, iE the depth be n times 
the breadth, the preceding formulas give 
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the various conditions that it is held is &s the moment of the 
applied forces ; hence, all the cases which have been con- 
sidered may, rdatwdy, be reduced to one, by finding how much 
a beam will carry which is fixed at one end and loaded at the 
free end, equation (146), and multiplying the results by the fol- 
lowing factors : — 

Beani fixed at one end and loaded at the other - - - 1 
" " " " uniformly loaded - - - - 3 

Bpam supported at its ends and loaded at the middle - 4 
" " " " uniformly loaded - - - 8 

Beam fixe^ at one end and supported at the other, 

and uniformly loaded 8 

Beam fixed at both ends and loaded at the middle - - 8 
" " " " uniformly loaded - - - 12 

If it is required to know the breadth of a beam which mU 
sustain a given load, find 5, from equation (146) ; and for a beam 
in any other condition, divide by the factors given above for 
the corresponding case. 

If the depth is required, find d from equation (146), and di- 
vide the result for the particular case desired by tlie square 
root of the above factors, 

133. EXAMPtES.- 

1. A beam, wtoae deptt is 8 inehea, and lengiih 8 feet, is supported at its 
ends, and requited to sustaia 500 pounds per foot of if« length ; required 
its breadth bo that it will have a factor of safety of A, R being 14,000 
pounda. 

From equation (146) we have, 

* = Rj. = —1400 X-8S— = ^^' "'"''^^ ' 

and by examining t±ie above table of faotora we see that this must be divided 
1j_ 8 . - ■- Ans. = S-^i inches. 

S. If i = 10 feet, P at the middle = 2,000 lbs., b = i inches, R = 1,000 lbs. , 
required d. 

3. H a beam, whose length is 8 feet, breadth is 3 inches, and depth 6 inches, 
10 



,y Google 



146 THE EESISTAHCE OF MATEEIALS. 

is supported at its enda, and ia broken by a weight of 10,000 pounds placed at 
the middle, and the weight of ft cubic foot of the heam is 50 pounds ; required 
the value of R. Use equation (150). 

4. If R^ 80,000 ibB., 1= 13 feet, 6 = 3 inches, d=-5 inches, how much 
will the beam suataiji if supported at its ends and loaded imiforml; over its 
whole length, coefficient of safety i F Ana W = 9,359 lbs. 

5. A wooden beam, whose length ia 13 feet, is supported at its ends ; re- 
quired its breadth and depth so that it shall austnta one ton, uniformly distri- 
buted over its whole lei^th. Let R = 15,000 lbs., coefficient of safety tV, aud 
depth = 4 times the breadth. Acs. S = 3.08 inches. 

d = 8.3!i JBohea, 

6. A beam is 3 inches wide and 8 inches deep, how much more will it sustain 
with its broad side vertical, than with it horizontal ? 

7. A wroughi^iron beam 13 feet long, 3 inches wide, 4 inches deep, is 
supported at its enda. The material we^hs i lb. per cubic inch ; how much 
load will it sustain uniformly distributed over its whole length, R = 64,000 
Iba. ? Ana. Without the weight of the beain, 15,713 Iba. 

8. A beam is fixed at one end; ; = 30 feet, 6=li inch, E = 40,000 
lbs, ; weight of a cubic inch of the beam J lb. Required the depth that it may 
suataiu its own weight and 500 iba. at the free end. Ana. 4.0.J inches. 

9. The breadth of a beam is 3 inches, depth 8 inches, weight of a cubic foot 
of the beam 50 pounds, R — 13,000; required the length so that the beam 
shall break from its own weight when supported at ita ends. 

Ana. I -175.37 feet. 

134. KBI.ATION BETWKEN STKAIN AKD DEFI.ECT10N. 

— Wlien the strain is within the elastic Umit we may easily find 
the greatest strain on the fibres corresponding to a given defiec- 
tion. For instance, take a rectangular beam, supported at its 
ends and loaded at the middle of its length, and we have from 
equation (148) 

and from eqiiatioiiB (73) and (51) 

ti =i '^T-pt which becomes, by substituting P from the prcced- 
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.■.E = ?5?A (158) 

Enamplm. — 1. If i = 6 feet, 6 = 1^ inoh, d = i inolies, ooeffloient of elaa- 
lioity = 25,000,000 lbs, is supported at its ends and loaded at the middle bo as 
to pcoduoe a deflection at the middle of i = f inch ; required the greatest 
Btraiu on the fabrcs Also required the load. 

S. On the samp beam if the greatest strain ia R = 12,000 lbs. , required the 
greatest deflection 

S. If the beam is umfornily loaded, required the relation between the 
g'reatest stram and the greatest deflection. 

Eli 
4. Generally, pro7e that K = constant x -^ A. 

135. Hotfcow nECTANGui.AK BEAitis. — If a rectangular 
beam has a reutaiigular hollow, both Bjinmetrieally placed in 
reference to the neutral axis, as in Pig. 63, we may 
find its strength by deducting from the strength 
of a solid rectangular beam the strength of a solid 
beam of the same size as the hollow. But in this 
case, when the beam ruptures at i, the strain at i' 



will be leas than R. As the strains increase di- *''"- "*■ 
rectly as the distance of the fibres from the neutral axis, we have 
if d and d' are the depths of the outside and hollow parts re 
spectively. 



If b' = the breadth of the hollow, the stress on that part, if it 
were solid, would be, according to equation (145), 

which, taken from equation (145), gives for the rcsiatanee of a 
hollow rectangular beam, 

JE^^ m 

If the hollow be on the outside, as in Fig. 63, 
forming an H section, the result is the same. | — I I — , 
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136t IP THE UPPER AND I.O^V£B FLANGES ARE tlN- 

EftiTAi. it forms a double T, aa in Fig. 64. Let the notation 
be as in the figure, and also di equal the distance from the 
neutral axis to the upper element, and x the distance from the 
neutral axis to the lower element. 




To find the position of the neutral axis, make the statical 
moments of the surface above it equal to those below it. This 



d' i' {d, - 4 (?') + i h'" (d, - dj = d" I" (ic - i d") + i V" 

i^-d'J -.-'-■-/- -, (160) 

We also have d^ = d — x = d' + d" + d'" — x ■ (161) 

These equations will give x and (?,. 

Constructing the wedges as before, and the resistance to com- 
pression is represented by the wedge whose base is b' d, and 
altitude B, minus the wedge whose base is (b' — ¥") (d, — d') 

' -T — R. Hence the resistance to .compression is 
\m'd, - 



and altitude ■ 



-i4^^'K(.'- 



I'") {d, - d') 
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The centre of gravity is at § the altitude, or ^, for the for- 
mer wedge, and %{d, — d") for the latter, and if the volumes 
be multiplied by these quantities respectively, it will give for 
the moTnent of resistance to oompression 

iM'd,' - i J {b' - h'") {d, - d'Y 

Next consider the resistance to tension. Since the strains 
on the elements are proportional to their dietaneee from the neu- 
tral axis, therefore 



d, 

and similarly, 

d, : {x — d") : ; R ; strain at the opposite side of tlie lower 

R 
fiange = -tt- (ar —d"). 

Hence the tensive strains will be represented by a wedge whose 

R 

base is S"!C and altitude -j-ic,«imw* a wedge whose base is 5"— 

R 
J'" and altitude --T {x — d"). Hence the moment of resistance ifl 

i -jh" (c'-i-^ {b" - 5'"} (x - d")' 
The total moment of resistance is the 6um of the two moments, or 

* ? t' ^^' ~ ^' ~ *"'^ '■'^' ~ '^"^' ^ *" *' ~ ^*" " ^'"^ 
{^-d"y\ - - (162) 

Tor a single T make h" and tZ" = in the above expression. 

The method which has here been applied to rectangular 
beams may be applied to beams of any form ; but it often re- 
quires a knowledge of higher mathematics to find the volume of 
the wedge, and the position of its centre of gravity ; or resort 
must be had to ingenious methods in connection with actual 
wedges of similar dimensions. 
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197. IRITE VALUB OF d, AND AN EXAinFLE III thlS 

and Bimilar expressions 

d, = the dista/nce from the neutral axis to the jiJyre Tnost re- 
■mote Jrom it on the side which first EUFi-cKEa. 

d^ is usually taken as the distance to the most remote fibre, 
without considering whether rupture will take place on that 
side or not ; but this oversight may lead to large errors. 

For example, let the dimensions of a east- 
iron double T beam be as in Fig. 65, and 228 
inches between the supports. Required tl^e 
load at the middle necessary to bre^k it. 

The position of the neutral axis is found 
from equations (160) and (161) to be 7.96 
inches from the lower side, and 11.54 inchra 
from the upper. As cast iron will resist from ■^ 
four to six times as much to compression as to f,q. ^s. 

tension — this beam will rupture on the lower 
side flrst ; hence d^ in the equation = 7.96 inches. As the 
value of K is not known, take a mean value = 36,000 lbs. The 
moment of the rupturing force — neglecting the weight of the 
beam — is ^ P^, which placed equal to expression (162) and re- 
duced gives 



P = . 



36,000 
^ 7.96 ' 



1,672 = 132,0::0 lbs. =58.9 tons gross. 



Had we used d, ^ 11.54, it would have given P = 40,4 tons. 
Such beams actually broke with from 50 to 54 tons ; or, in- 
cluding the weight of the beam, with a mean value of 52;^ tons. 

By reversing the problem, and using 52^ tons for P, we find 
that R is a little more than 32,000 pounds. Had this value of R 
been used in the first solution, and d^ made equal 11.54, it would 
have given for P a little more than 36 tone, which would be the 
strength if the beam were inverted. If the upper flange were 
smaller or the lower larger, the discrepancy would have been 
greater. 

The strain upon a fibre in the upper surface is to the strain upon 
one in the lower surface as <?, to ic ; hence, if the material i-esists 
more to compression than to tension (as cast iron), it should 
be so placed that the small fiange shall resist the former, and 
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the large one the latter. If a cast-iron beam be supported at 
itB enda, the smaller flange should be uppermost, and as it re- 
sists from four to six times as much compression as tension, the 
neutral axis should be from four to six times as far from 
the upper surface as from the lower, for economy. "Using the 
same notation as in Fig. 64 and we ha^e, 

t?! greatest compressive strain 
X ~ greatest tensive stiuin ' 
and for economy we should have, 

d, ultimate compressive strength 
X ~ ultimate tensile strength 

The ultimate resistance of wrought iron is greater for ten- 
sion than for compression ; hence, if a wrought-iron beam is 
supported at its ends, the heavier flange should be uppermost. 

The proper thickness of the vertical web can be determined 
only by experiment, and this has been done, in a measure, by 
Baron von Weber, in his experiments on permanent way. 

138. EXPERiKiBNTs OF BARON vo^v WEBEK for deter- 
mining the thickness required for the central web of rails. 

Baron von Weber desired to ascertain what was the tnini- 
m/am thickness which could be given to the web of a rail, in 
order that the latter might still possess a greater power of re- 
sistance to lateral forces than the fastenings by which it was 



,^^ 




secured to the sleepers Fjr this purjiote a piece of rail 6 feet 
in length, rolled, of the best iron at the Lanrahutte, in Silesia, 
was supported at distances of 35,43 in., and loaded nearly to the 
limit of elasticity {which had been deteiToined previously by ex- 
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perimenta on other pieces of the same rail), and the deflections 
were then measured with great care by an inatniment capable 
of registering 1-1000 in. with accuracy. This having been done, 
the web of tie piece of rail was planed down, and each time 
that the thickness had been reduced 3 millimetres the vertical 
deflection of the rail under the above load was again tested, and 
the rail was subjected to the following rough but practical ex- 
periments. The piece of rail was fastened to twice as many fir 
sleepers by double the number of spikes which would be em- 
ployed in practice, and a lateral pressure was then applied to the 
head of the rail by means of a lifting-jack, until the rail began 
to cant and the spikes were drawn. The same thing was then 
done by a sudden pull, the apparatus used being a long lever fas- 
tened to the top of the rail, as shown in Fig. 65a. The lifting- 
jack and the lever were applied to the ends of the rail, and the 



web of the latter had, in each case, to resist the whole strain re- 
quired for drawing out the spikes. The results of the experi- 
ments made to ascertain the resistance of the rail to vertical 
flexure with different thicknesses of web, and imder a load of 
6,000 lbs., were as follows :— 
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15 millimetrea = 0.59 0.016 

12 " 0.47 0.016 

9 " 0.35 0.019 

6 " 0.24 0.0194 

3 " 0.12 0.022 

These results showed ample stiffness, even when the web was 
reduced in thickness to 0.12 in. To determine tlie power of 
resistance of the rail to lateral flexure, an impression of the sec- 
tion was taken in lead each time tliat the spikes were drawn. 

The forces applied in these experiments were very far greater 
than those oecwrring in practice, yet it was found that with the 
web 12, 9, and even 6 millimetres thick, no distortion took place, 
and only when tlie thickness of the web was reduced to 3 milli- 
metres (0.12 in.) was a slight permanent lateral deflection of the 
head caused just as the spikes gave way. The section shown in 
Fig, 65b had then been reduced to that shown in Fig. 65c. 




FlQ. 66c 

Next, a rail, with the web reduced to 3 mill. (0.12 in.) in 
tliicknesB, was placed in the line leading to a tuni-table on the 
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"Western Railway of Saxony, where it has remained until the 
present time, 1870, receiving the shocks due to engines pacing 
to and from the turn-table more than one hundred times daily. 
It follows from these experiments that the least thickness ever 
given to the webs of rails in practice is more than sufficient, and 
5iat if it were possible to roll weba J in. thick, such webs would 
be amply strong, if it were not that there would be a chance of 
their being torn at the points where they are traversed by the 
fish-plate bolts. Baron von Weber concludes that webs I in. or 
^ in. thick are amply strong enough for rails of any ordinary 
height, and that, in fact, the webs should be made as thin as the 
process of rolling and as the provision of sufficient bearing for 
the fish-plate bolts will permit. 

ISO. ANOTHER GRAPHICAL IHBTHOD. — If manipulating 
processes are to be used for determining the strength, the fol- 
lowing meth<id possesses many advantages over the former. 

Since the strains vary directly as their dis- 
tance from the neutral axis, the triangle 
ABC (Fig. 66), in the rectangle BODE, 
represents the compressive strains if each 
element of the shaded part has a strain 
equal to K; and its moment is R times 
the area multiphed by the distance of the 
centre of gravity of the triangle from the 
"""■ ■"" neutral axis ; or, 

and the moment of tensile resistance is the same, hence the 
total moment is double this, or ^'BM', as found by the preced- 
ing process. 

130. IF A SQUlRi: BEAin HAf-E ONX! OP ITS DIAOONAIiS 

vbrticaIj (Fig. 67), the neutral axis will coincide with the 
other diagonal. Take any element, as ah, and project it on a line 
od, which passes through A and is parallel to BC, and draw the 
lines Oc and (M, and note the points _/ and (/ where they intersect 
the line ab. If the element were at cd, the strain upon it would 
be E, multiphed by the area of ct^, or simply R.c(?; but because 
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the strains are directly proportional to the distances of the ele- 
ments from the neutral axis, the strain on ah is ^.fg. Pi^oceed 
in this way with all the elements and construct the shaded 
figure. The strains on the upper part of the figure AJ3C, which 




begin with zero at BC, and increase gradually to K, at A, will be 
equivalent to the strains on the shaded figure AO, if the strain 
is equal to It on each unit of its surface. Hence the total strain 
on each half is the area of the shaded part AO, multiplied by 
E, and the moment of the strain of each part is this product 
multiplied by the distance of tlie centre of the shaded part from 
the axis EC. 

By similar triangles we have 

Aa : a5 : : AB : BC, and 
cd=: tii :/^ : : AO : ic : ; AB : Ba or AB - Aa ; 
X being the distance of y^ from O. 
From these eliminate ah, and find 

af= ^{aj> -fg) = ^^^, (A*)', 

hence tlie curve which bounds the shaded figure is a parabola 
which is tangent to AB, and whose axis is parallel to BO. 
Let d = one side of the square, then 

i i/M = AO, and 

J ^2d = the widest part of the shaded figure. 
The area of a parabola is two-thirds the area of a circumscribed 
rectangle. 
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Hence the area of AO is 
and the moment is 

and the moment of botli sides, mnltiplicd by R, is 



?xi4/2(;=^ 



(1«3> 

If 5 = (? in equation (145) and the result compared with tlio 
above, we find : — 

Tlie strength of a square beam with its side vertiea! : sti-engtli 
of the same beam with one of its diagonals vertical : : V^ : 1 
or as 7 : 5 nearly. 

So tliat increased depth merely is not a sufficient guarantee 
of increased strength. The reason why the sti'ength is dimin- 
ished when the diagonal is vertical, is because there is a very 
small area at the vertex where the strain is greatest, bnt when 
a side is honzoiital the whole width resists the maximum strain. 

131. iKKBCULAR SECTIONS. — This method is applicable 
to irregular sections, s^ shown by the following example. 




Let Tig. 68 be a cross section of a beam, In a practical 
)aso it may bo well to make an exact pattern of the cross 
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seotion, of etiff paper or of a- thin board of uniform thick- 
nesa. To find the position of the neutral axis, draw a line 
on the pattern which shall be perpendicular to the direc- 
tion of the forces which act upon the beam, that is, if the 
forces are vertical the line wiU. be horizontal. In a form 
like Fig. 68 this line will naturally be parallel to the base of 
the figure. Then balance the pattern on a knife-edge, keeping 
the base of the figure (or the line previously drawn) parallel to 
the knife-edge, and when it is balanced the line of support will 
be the neutral axis. Proceed to construct the shaded part as 
shown in the figure, by projecting any element, as ah on the line 
<!(?, and drawing e(? and (?C>, and noting the interseetionsyand^, 
the same as in Fig. 67. The elements on the lower side must 
be projected on a line mn^ which is at the same distance from 
the neutral axis as the most remote element on the upper side. 
The area of the shaded part above the neutral axis should equal 
that below, because the resistance to extension equals that for 
compression. The area of the shaded part may be found ap- 
proximately by dividing it into small rectangles of known size, 
and adding together the full rectangles and estimating the sum 
of the fractional parts. Or, the shaded part may be cut out and 
carefully weighed or balanced by a rectangle of the same mate- 
rial, after which the sides of the rectangle may be carefully 
measured and contents computed. The area of the rectangle 
would evidently equal the area of the irregular figure. 

The ordinate to the centre of gravity of each part may be 
determined by cutting out the shaded parts and balancing each 
of them separately on a knife-edge, as before explained, keeping 
the knife-edge parallel to the neutral axis. The distance be- 
tween the line of support and the neutral axis will be the ordi- 
B to the centre of gravity. The moment of resistcmce is then 
i hy -multiplyvng the area of each shaded pa/rt hy the dia- 
tcmoe of its centre of gravity from the neutral ams, and multi- 
plying the sum of the ^prodnctB hy B. 

These mechanical methods may be managed by persons who 
have only a very limited knowledge of mathematics, and if 
skilfully and carefully done will give satisfactory results. It 
does not, however, furnish such an uniform, direct audi exact 
mode of solution as the analytical method which is hereafter 
explained. 
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I 33. FOBiairiiA of STBENRTH ACCOB»INn to BABLOVr'S 

THEOBT.— Either of the above methods may be used. One 
part of the expressiofi for the strength is of the same Jhrm as 
that found by the common theor)' ; but instead of It we must use 
T, or O— the former if it ruptures by tension, the latter if by 
crushing. The other resistance, (p, for solid beams is evenly dis- 
tributed over the surface. For example, take a rectangular 
beam,Mg. 61, and the resistance to longitudinal sh£aring oalihe 
upper side is <^ 5 x ^t? = -J ^ 5i/, and its moment is ^ ^ M x i 
oi^d=\^ 5tf , and for both sides, J ^ Jt?. Hence, according 
to Barlow's theory, the expression for the strength of a rectan- 
gular beam is 



ti ^ + -J-T] J(f for cast iron, and 
[i '^ + ■ff'3] St? for wrought iron and wood - 
supported at 



(164) 
ends and loaded at the middle, 



If the \ 
we have 

171 = [i ^ -I- |T] 5(? for east iron (165) 

The volume which represents the resistance due to ^ is 
always a prism, having for its base the surface of the figure and 
<p, or some fraction of ^, for its altitude. If the second method 
of illustration be used, it will take two figures to fully illustrate 
the strains. I"or instance, if the section be as in Fig. 68, the 
moment of the shaded part will be multiplied by T or C, as the 
case may be. To find the remaining pai't of the moment, find 
the area of each part of the transverse section, also the distance 
of the centre of gravity of each part from the neutral axis. 
Then, to find the momeni of re- 
sistance due to longiivdmal shea/r- 
mg, multiply the area of each part 
hy the distance of its centre of grav- 
ity from the neutral aada, add the 
products andin'ultiply the awn hy <f>. 
This is true for solid sections ; but 
for hollow beams, T and H sections, 
where there is an abrupt angular 
change from the flange to the verti- ^'°- ''"• 

cal part of the beam, the factor requires a modificfition. For 
instance, take the simple ease of a single T, Fig, 69, in which 
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the breadtli of the T is h' and its depth dl, and the other nota- 
tion as in the figure. 

The resistance of the upper part is represented by the prism 
whose base is hx, and whose altitude is ^, plus the prisra whose 

base is d' (6'-J), amd whose altitude is ~ A. The resistance of 

the lower part is tj) hd^. The total moment of this resistance is — 

<^ hx.iE!c + d'{h'-l) x-<(){x- id') + 4>ld, x -i<f. 

To this add the moment of resistance for direct extension 
and compression, the expression for which is of the same form 
as for common theorj', and we have for the total moment :— 

i^af ->r^W- f>) i^- K) + i4- ^<i."r\- 3^ [K"+ 5V-(5'- h) 

(x-dy] '- - - (166) 

From numerous experiments made upon east-iron beams 
having a variety of cross sections, Barlow found that <f> varied 
nearly as T, that practically it was a fraction of T, the mean 
value of which was 0,9T. 
For wrought iron he found = 0.53T 

= 0.8O nearly. 
Peter Barlow, F.R.S., father of W". H. Barlow, F.R.S., Oie 
latter of whom proposed the " theory of flexure," in an article 
in the Civ. Eng. Jour., Vol. xxi., p. 113, assumes that ^ = T. 

From the above it is inferred that the practical mean values 
of (j> are : — 

16,000 lbs. for cast iron. 
30,000 lbs. for wrought iron. 
8,000 lbs. for wood. 
Mxamples. — 1. How much -will a beam whose langtli is 13 feet, breadth. 2 
inches, depth inches, sustain, if sapported at ite endis, and uniformly loaded 
over its whole length, and C = 50,000 lbs., f ~ 30,000 lbs., and coefBoient of 
safety i ? 4m.— 11,000 lbs. nearly. 

3. If ;. = T = 16,000 lbs., i = 3 inches, rf = 5 inches, I = 8 feet ; required 
the uniform load which it will sustain with a. coefficient of safety of \. 

a broken by an uni- 



133. BEAMS LOADED I AT ANT NUMBER OF POINTS. 

If the beam is loaded otherwise than has heretofore been sup- 
posed, it is only necessary to find the moment of all the forces 
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in reference to the centre of a section and place the algebraio 
siun equal to the moments of resistaiiee. Those which act in 
opposite directions will have contrary' signs. 

For instance, if a beam, AB, Fig. TO, rests upon two supports, 
and has weisthts P P, 

P, &.C resting upon it at v Vi 

distances respectively of 
n n n &.C from one 
support and m in^ m 
<S-c from the other the 
sum of tlie moments of 
the forces n any sect on 

wh >se d stance is r 

from the support A, is '^pib.to. 

Y,x - P,(^ -n,) ~ P/ic - n,) &c., to include all'the terms of 
P iu which n is less than x. This equals ^RS^T for rectan- 
gular beams. 

V„ the reaction of one support, is readily found by taking 
the momenta of all the external forces about B, and solving for 
V„ thus :— 

T,;= P,m, + P,m, + P,m, + &c. = 5Pm 



. -'-'^■^ 



'.r,= 



I 



Similarly Y, = — ^ — 

also, V, + Y, =P, + P, + P, + &G. = X P. 

134. APAKTiAt insiFOBM LOAD. — Let the beam be U 
uuif ormly over any portion of its 
length, as in Fig. 71. r 

Let I = AB = length of beam ; 
2a = DE = length of the 

uniform load j 
X = AF = the distance to 

any section ; 
to = the load on a unit of length ; 
Y = the reaction of the support A j 
C the centre of the load ; 
l, = AC; I =CB. 
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Then AD = l,-a, and DF = !C - ?, + a 
Load on DF = w{x — l^-^ a), 

By the principle of moments 

Yl = 2wa. I, .: Y = 2wa ^■ 



The moment of stresa at F is 

Yx — iw {x — 1, + a)' 

2wal, , , , 
or —J— a; — iw {x — Ij + a)' (167) 

That vahie of x which will make equation (167) a maximum, 
gives the position of the dangerous section. Differentiate, place 
equal zero, and make /, + 1, = I, and solve for x, and find 

x = a(l--^^)+l (168) 



If Z, =il,x = l,; 
^1 < i?, » > ^ ; 

K > H « < ^ ; 

BO that the maximnm strain is at the centre of the loading only 
when the centre of the loading is over the centre of the beam ; 
and in all other cases it is nearer the centre of the hea/m than the 
centre of the loading is. 

The maximum strain is found by substituting the value of x 
equation (168) in equation (167). 

The following interesting facts are also proved. 

Let AD ^y .'.a ^Z, — j/ which in equation (168) i-educes it to 



-;. = «-y)(i-f') - (168») 



which is a maximum for y = ; hence so far as A D is con- 
cerned, equation (168a) is a maximum when one end of the load 
is over the support, and for this case the equation becomes 



^(-¥) 



wMch is a maximum for ?, = i ? or 2?, = \ly or the load mast 
11 
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extend to the middle of the beam. ]!tlakiiig « = ^, = J ?, and 
equation (168) becomes 

and these values of ?, and x in equation (167) give for the max- 
imum moment of stress, 



^STSW V =^iWl 



(169) 



in which W is the load on half the beam. 

Equation (167) gives the stress at the middle of the load, by 
making a = l^ = ^l and x=^l. This gives ^ "W^ for the stress 
at the middle of the loading ; hence, the maximum stress is IJ- 
times the stress at the middle of the loading when the load 
extends from the one support to the middle of the beam. 



133. OBLiavB STBAiMS. — If the force be inclined to the 
axis, as in Figs. 72 and 73, let I = the angle which P makes 
with a normal section. 





Then, P cos » = normal component, 

P sin * = longitudinal component. 

If K = the transverse section, then 
P 



K 



tlie tension or compression upon a unit of sec- 
tion which arises directly from the longitudinal component. 
This tends directly to diminish R in the formula whether t be 
obtuse or acute. If the beam be fixed at one end and free at 
the other, as in Fig. 72, the equation of moments becomes : — 

I 



T, /t, P sm i\ I 
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wiich for rectangular beams becomes 
^ /„ P sin l\ h<P 

P«ooB.=(E jj-)-ir- - - - (WO) 

130. sENBKAi. FOHiaiiLA. — The preceding methods are 
easily understood, and are perhaps sufficient for the more simple 
cases ; but for the purposes of analysis a general formula is bet- 
ter, by means of which a direct analytical solution may be 
made for special cases. 

Let E = (^mo(/w?«5(>/'rMp(Mre, as explained in article 120 ; 
a! and u horizontal coordinate axes, the former coinciding 

with the axis of the beam, and y a vertical axis ; 
Then Rdudi/=: the resistance of a fibre which is most remote 

from the neutral axis. 
Let d, = distance between the neutral axis and the most remote 
fibre; then, according to the common theory, since^ 
the strains vary aa the distance from the neutral axis 

diiy:: "Sdudy : resistance of any fibre = -jyd'ydu 



■'d, 



^ dydw = the moment of resistance of any fibre, 
and the sum of all the moments of resistance of any section ia 

E^1 



iff' 



which is called the moment of rupture, and must equal the 
sum of the moments of straining forces ; 

.•.SPoj = ^I (171) 

The second member of this ecjnation involves the character of 

the material (R) and the form of the transverse sections (-r) ; the 

latter of which may be determined by analysis, and the former 
by ex^jeriment The second member shows that for economy 
the material should be removed as much as possible from the 
neutral axis. A few special cases will now be given. 
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137. XiBT THE BEARi BB BiB€TANQi;i.AB, h the breadth, 
and d the deptli, as in Fig, 61, 



Jo Jo 



y'dy dti:=-^ hd' 



d,=kd 

.-. ^ T — ^'Rhd' which is the same aa expression (145). 



13S. IF TB£ SIDES OF THB BEAn ABE IHCtlNBD tO the 





direction of the force, as in Fig. Ti, let * be the inelinatioii of 
the side to the horizontal ; then 

I = ^'jM{<Psin'* + J'cob'*)* 

d^ = J(fein*+ 4^009 i 
-D I 1 -Di J T'^Bin'a + 5'eos'i t .^ _„^ 

This expression has an algebraic minimum,t but not an alge- 
firadc masimtim. By inspection, however, we find tliat tlie 
practical maxinmni is found by making i = 90°, if d exceeda ^. 
Hence, a rectangular beam is strongest when its broad side is 
parallel to the direction of the applied forces. 

Hence, the braces between joists in flooring, as in Fig. 75, not 



• See Appendix m. 

f See aa article by the author in the Jowraai of Franklin Imtitvte, Vol, 
LXXV.-p. 260. 
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only serve to transmit the Btressea from one to another, bat 
also to strengthen them by keeping the Bides vertical. 
If 4 = 90°, equation (1T2) becomes jEfiti' - ■ - (173) 
Hh = d and i = 45°, equation (172) reduces to 

672 ^'^*^ 

(which is the same as equation (163)), 
and if J = tf, and * = 0° or 90°, it becomes 

Hence, the strength of a square beam having a side vertical 
is to the strength of the same beam having its diagonal vertical, 

t:Vi, 

or V2 to 1 or as 7 to S nearly, 
In establishing equation (172) it was a^umed that the neutral 
surface was perpendicular to the direction of the applied forces, 
which 18 not Btrictly true unless the forces coincide with the 
diagonal ; for in other cases there is a stronger tendency to 
deflect sidewise than in the direction of the depth. In this case, 
as soon as the beam is bent there is a tendency to torsion. Both 
these conditions make the beam weaker than when the sides are 
vertical. If the tendency to torsion be neglected, the ease may 
be easily solved ; but as the result shows the advantage of keep- 
ing the sides vertical, the solution is omitted. 

139. THM STBONOES-r RECTANGULAR BEAM which cau 



£ 


-^—~~~~, 


B 


be cut from a cylindrical one has the breadth 




\ 


I) 


to the depth as 1 to V 2, or nearly as 5 to 7. 
Let K = AB = the breadth, 
J/ = AC = the depth, and 
D = AD = the diameter. 


c 
Th 


en, 


S 



and equation (173) becomes 
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wHch by the DifFerential Calculus is found to be a maximum 
for 



:x:y: 



1 : -y/S or nearly as 5 to 7. 



Batmplm. — How much stroller !b & cylindrical beam than the etrongest 
rectAi^ular rsaa whicli can be cut from it ? 

(For the Btrei^h of a <7-lmi3iical beam, see equation (180)), 

A-M. — About 53 per cent. 

How much Btxonger is the strongest recfcaagnlar beam that can be cut from 
a c^lindiioal one, than the gresteat Bqaaie beam which caa be cut from it ? 



140. TBiAi«Gri.AH vKhMs. — If the base is perpendicular 
to the neutral axis, as in Fig. 77 ; 
Let d = AD = tlie altitude, and 

b = BC = the base- 
Take the origin of coordinates at the cen- 
tre of gravity of the triangle, y vertical and 
« horizontal. 

Then, by similar triangles. 




»■■! 






.-.1 = 
We also have 
, I 



/if 



'du = ^gdb'. 



•.E 



A" 



^aS" = -jirBAS (175) 



in which A 19 the area of the triangle. 

If the base is parallel to the neutral axis, 
Pig. 77 a, then, by similar triangles, 
d :ib::^ — y:u 




„Google 



TOAHSVEHSE STEBKGIB. 



r 



.•.I=2//y<iy«« 
= ¥ / (»*-S'>!^<'J' = *'*(*> 

"We also have 

.•.E^ = aijR5£?=;^EA(?. (170) 

Equations (173) and (175) show that a triangular beam which 
has the same area and depth as a rectangular one, is only half as 
strong as the rectangular one. 

Some authors have said that a triangular beam is twice as 
strong with its apex up as with it down, but this is not always 
the case. If the ultimate resistance of the material is the same 
for tension as for compression, the beam will be equally strong 
with the apex up or down. 

If the beam is made of cast iron, and supported at its ends, it 
will be about 6 times as strong with the apex up as down ; but 
if the beam be fixed at one end, and loaded at the free end, it 
will be about 6 times as strong with the apex down as with it up. 

141. TRAFEzoiDAi. BEADi. — Requwed the strongest frap- 
esoidal beam which can he cut from a given triangulwr ons.-\ 
c Let ABC be the given triangle, 

/\ ABED the required trapezoid, 

■Vft^ d = CG = the longest altitude, 

/ \ b = AB, d, = Fn, w=CF, 

j/.. I .v. 3 = CH = <?,+ w,and« = DE. 

f -\ \ U is the neutral axis of the trapezoid, 

1^ / I \ j which passes through its centre of gravity 

" H. We may then find : — 

• This is more eudly solved I^ taking tlie moment about an axis thiong-h the 
vertex and parallel to the baae, and UBJag the fonniila of reduction. See Ap- 
pendix. 

I See an article by the author in the Jovmalof FranMitt Institute, vol. xlL, 
third aeries, p. 196. 
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«? rJ* + I'v - Wv 



A 



(? rS' + Vv - SiV + 8SV - Jo' - v'-i „ .„ 

--■h^A W^hT^ri- J (177) 

which is to be a maximum. Ey the Calculus we find, after re- 
duction, that 

v' + 55v' + Ih'v - 5" = 0, 
for a maximmn, which BoKed givea 

V = 0.130936 or 0.13i nearly, and hence 
wi = 0.13093(^ or O.iai - - . . (178) 
which substituted in (177) gives 

eJ- = 0.545625 ^ (179) 

Dividing equation (179) by equation (176) gives 1,09135 ; hence 
from (178) and (179) we infer that if the angle oftheprism, lie 
taken off 0.13 of its depth, the remamiiig trapezoidal hewm 
will be 1.091 times as strong as the trtangwlar one, which is 
a go/in of over 9 per cent. 

In order to explain this paradox it must be granted that the 
condition does not require that the beam shall be broken in two, 
but that a fibre shall not be broken — in otier words, the beam 
shall not be fractured. The greatest strain is at the edge, where 
there is but a single fibre to resist it ; but, after a small portion 
of the edge ia removed, there are many fibres along the line 
DE, each of which will sustain an equal part of the greatest 
strain. 

If the triangular beam were loaded so as to just commence 
fracturing at the edge, the load might be increased 9 per cent, 
and increase the fracture to only thirteen-hundredths of the 
depth ; but if the load be increased 10 per cent, it will break 
the beam in two. 

These results are independent of the material of which the 
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beam is made. If the beam be cut off J the depth, its strength 
is found from equation {171} to be 

12 ' 
which is 0.93101 of equation (176). 

Mr. Couch found, for tlie mean of se^en experimente on tri- 
angular oak beams of equal length, that they broke with 306 
pounds. The mean of two experiments on trapezoidal oak 
beams, made from triangular beams of the same size as in the 
preceding experiments, by cutting off the edge one-third the 
depth when the narrow base was upward, was 284.5 pounds. 
This differs by less than half a pound of 0.931 times 306 
pounds. 

144* CTI.INDRIC4L BBAios. — The moment of inertia of a 
circular section in which r is the radius, is 

KI ^ , 
■'■-^=^1^'^ (180) 

If polar co-ordinates are used, we have 
dudy = fdgdij), 
where f is a variable radius and it a variable angle. 

^ v Also 3/ = f sin ^ 

..L /^\. pT /»2* 

\^_J ■•'^=ffydydn= I I {Bin' •pdid'P 
Fio. m "^0 t/o 

= if'Ja i(l — cos 20) d^t = J«-/, as before. 
I" or a circular annulus we have 
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By comparing equations (180) and (1*5) we see that the 
strength of a cylindrical beam is to that of a circumscribed 



rectangular one a 



a ; I, or as 0.589 + : 1. 



Also the strength of a cylindrical beam is to that of a square 
one of the same area as -J-RAtZ' to \BAd {d' being the diameter 
of the circle), 

or as 1 : (^^, = f %/«") or as 1 : 1.18 nearly. 

14:3< Ei.iiiPxioAi. beahis. 

Let b =■ the conjugate axis, and 
d = the transverse axis ; then 
if d is vertical (Fig. 80), we have 
I = ^ wbd" and d, = id. 
If h is vertical (Fig. 81), we have 
I = ^T5(f and d, = ^. 




1 44:, PAKABOI.I0_BEA]II8. 



If J = the base, and 

(? = the height of the parabola, and 
i£dh vertical (Fig. 82), we have 

I = r^'d, and < = f?. 
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If h is vertical (Fig. 83), then 

I = -sV*^, and d, - ib. 

145. ACCORDING TO BARLOIF'S THEOBIT We Have 

which mnet be integrated between the proper limits to include 
the -whole section. 

If the nentral axis is at the centre of the Bections, and the 
beam is rectangular, we have 

which reduced gives 

hence, if <^ has any ratio to T, the law of resistance in solid rec- 
tangular beams is the same as for the common theory only, 

If ^ = T, this becomes 
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CHAPTEK YII. 
BEAMS OF TJNIFOEM RESISTANCE. 

146, GENBBAi. EXPHEsaioN. — If beamB are so formed 

that they are equally liable to break at every tranBverBe section, 
they are bsams of uniform resistance, and are generally called 
heaina ofv/niform strength. The former term is preferable, be- 
cause it applies with equal force to all strains less than that which 
will produce rupture. In such a beam the strain on the fibre 
most remote from the neutral axis ie uniform throughout the 
whole length of the beam. The analytical condition of such a 
beam is : The sum of the momenta of the resisting forces must 
va/ry directly as the swm of the moments of the a^Ued forces; 
hence equation (171) is applicable ; or 

2P^ = ^^, (182) 

which must be true for all -values of x. But to obtain practical 
results it is necessary to consider 



147. BBAMS FIXBD ATONE BSFD AND tiOADKD AT THE B«EB 

END Required the form- of a ieam, of uniform resistance 

when it is fixed at one end and loaded at the free end. 
1st, Let the sections be rectangular, and 

y = the variable depth, and 
u = the variable width. 
Then I = -^ify' (see equation (51)), 
d, = iy, and 
SFiC = Tx = the variable load.* 

• For iPx nse the general moments aa given in the table in Article 101, so 
far ae tbej are applicable. 
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Hence equation (182) becomes 

Fx = iUuf (183) 

a. Let the breadth be constant; or u = b; then (183) 1 



Vx = imi/; - - - - 

which ia the equation of a parabola, i 
and parameter is ^. See Fig. 84. 



(184) 

) axis is horizontal 





5. Suppose the depth is constant, or y = d. Then (183) be- 
comes 

Pic = ^K,:7X (185) 

which is the equation of a straight line ; hence the beam is a 
wedge, as in Fig. 85. 

c. If the sections are rectangular and similar, then 
u:y::h '.d 
h 

and equation (183) becomes 

which is the equation of a cubical parabola. 

2d. Let the sections be circular. Then 
I = ^Try (equation (52), in which y is the 
diameter of the circle), and (^i — ^y; hence 
(182) becomes 

pjij ^ which is also the equation of a cubical para- 

bola, as shown in Fig. 86. 
. Let the transverse sections be reetangutar, and I con- 
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stant, the breadth and depth both being variable, then eq uation 
(182) becomes 

P^ = E^^^ = B^ (186) 

in which c is a constant, = hd', h and d being the breadth and 
depth at tlie fixed end. Equation (186) is the equation of the 
vertical longitudi nal sections, and is the equation of an hj-perbola 




^referred to its asymptotes. See Fig. 87. If the value of y from 
this equation be substituted in the equation My" = e, it gives 
216PV ,,„„ 

« = -sy^ (1^^ 

which is the equation of the horizontal longitudinal sections ; 
hence they are cubical parabolas, as in Fig. 88. For x and u=0, 

y = CO, and for ic = (, w = = - ■,.,. - 

4th. If the breadth is the wth power of the depth, and the sec- 
tions are rectangular, then ■u^y', and equation (183) becomes 

which is the general equation of parabolas. 

148. BBAmS PIXBB AT ONE END AND CNIPORDILV 

t.oxa-EO.— Required the form of a ieam ofmdform resistance 
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v^hen it isjuced at oTie end and iinifonnly loaded over ita whole 
length; the weight of ike beam bemg neglected. 

The origin of co-ordinates being still at the free end, we 
have 

wx = the load on a length x, and 
^1^103^ = the moment of the load (equation (53)). 
Hence, for rectangular sections, equation (182) becomes 

iwx* = iRuf (188) 

a. If the breadth is constant, or « = 5 in (188), it becomes 

which is the equation of a straight line ; and hence the beam 
will be a wedge, as in Fig. i 




h. Let the depth be constant ; ory = dm (188) 

a parabola whose axis is perpendiciilar to the axis of the beam, 
as in Fig. 90. 

e. Let the sections be similar ; — 

then a : : : y. u = ~jy, 

.: equation (188) becomes ^wx' = g^Ej^' ; — 
a semi-cubical parabola, as in Fig. 91. 
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d. Let I be conatant, or -^u^ = -^hd'. Then equation (182) 
becomea 

hd' 
^x' = ^R — ;■— an hj-perbola of the second order. 



149, PBETious CASB9 coKiBiNED, — MequiTed the form, 
of the 'beam of uniform resistance when it is Jksed at one end 
and loaded uniformly, and also loaded at the free end. 

The moment of applied forces is Pic+^wj«'; hence equation 
(182) becomes, for rectangular beams, 

Vx + i^ttc* = iRMJ/". 
Hence, if the depth is constant, Vx + Jw.o' = ^Rm(?' ; — a 
parabola ; 

Hence, if the breadth is constant, Yx + ^x^ = \^y' ;— an 
ellipse ; 

h , 



Hence, if the sections are similar, Pjc + 
semi-cubical 



'"V-h, 



ISO. WEIGHT OF -rHS; BBAin CON8IDERGD.- 

theform of the heam of uniform resistance when the weight of 
the beam is the only load ; the bea/m bmig fixed at one end anc 
free at the other. 

a. Let the sections be rectangular and the breadth constant. 
Let K = AB ; Fig. 92, 
2/ = DC, 

b = the breadth, and 
S = the weight of a imit of 
volume. 
Then fydx = the area of ADC, 
and 
Bbjydx = the weight of 

ADC ; F,g. oi. 

the limits of the integration 
being and x. 
IE F is the centre of gravity of ADC ; wo have, from the 
_f^dx_ 
fydx , 
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The moment of the applied forcea is the weight of AT)C! 
multiplied by the distance BF = s5 — AF, Hence, equation 
(182) becomes 

which reduced gives 

«i- = ^y (189) 

which is the equation of the common parabola, the axis being 
vertical. 

If there is a single curve, -p- is its parameter ; but if two 

cur\'eB, as in the iigure, -s- is the parameter of each. 

h. Let the depth he constant. In a similar way we find 

This solved gives 

in which C and C are constants of integration, and involve 
the position of the origin of co-ordinates and direction of the 
curve at a known point. 

c. Let the beam, be a conoid of revolution, as in Fig. 93, 
"VVe have, as before 




y-y'<^b--^^=^^y> 



(191) 



/■jrfdx-i 
which reduced giv 

K 

a^ = V-s y - - 

Fio. 93. ^ 6 ■' 

which is the equation of the common parabola. 

<2. Suppose, in the preceding oases, that cm additional load, 
P, is applied at the free end. 
Some of the equations which result from this condition can- 
12 
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not be integrated in finite terme, and hence the curves cannot 



131, BEAinS SCPl^OBTED AT THEIB ENDS. 

A. Let the learn he supported at its ends and 



For 5iJ8 case, equation (182) becomes, for rectangular bcc- 
tions, 

\'?x = \'Kuy' (192) 

a. If the breadth is constant, we have 
which is the'ec[iiation of the common parabola. 



The beam consists of two parabolaa, having their vertices, 
one at each support, as in Fig. 94. 

h. If the depth ia constant, we have 

\Vx-=\'Rd''y; (193) 

a wedge, as in Fig, 95. 

B. If the leam, is wniformly loaded, we have from equations 
(74) and (182), 

^{hi — x'^ = ■J-H^S'' — if rectangular, and if the breadth is 

constant, ^ (te — sc^ ~ ^EJy" ; (194) 

an ellipse, Fig. 96. 

If the depth is constant, ^ Qx — x') ^ ^IWw, a parabola, 

Fig. m. 



C. Let the hta/nh hat e am, uniform load and also an uni- 
formly mAyreaswig load from one end to the other, as in Fig, 
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Let W = the weight of the uni- 
form load, 
W, »:= the weight of the uni- 
formly increasing 
load, and p 

F = the reaction of the sup- 
port at the end which has the least 
Then r=iW-i-*W.. 

Let ic be reckoned from A, then the load on n 
■w "W,^,, 



and die moment of this reaction and load on a section which is 
at a distance x from A is 

W^ Will' 
{W+W^-~-^ - (196) 

which equals -JE Sy' for rectangular heams of nniform breadth. 
To find the point of greatest strain, make the first differential 
coefficient of (195), equal to zero. We thus find 
W„ W,' , _ , 



If "W - 0, this gives 



When "W =: 0, this 
a vertical surface. 



I 



= W3- 

the case of water pressing against 



153. BEAMS FixEB AT THEIR ENDS. — If the beam is 

fixed at its ends, and loaded at the middle with a weight, P, we 
have, from equations (117) and (182), when the breadth is uni- 
form, 

iF(l-ix) = }-Rhi/; (196) 

which is the equation of a parabola. The beam really consists 
of four double parabolas with their 
vertices tangent to each other, as 
Fig. 99, Tlie vertices are J^ from -■ 
the end. 

If the load were uniform we would 
obtain, in a similar way, a beam com- fiq. sa. 

posed of four wedges. These are di- 
rect deductions from theory, but it is evident that there is some- 
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thing wanting, for a beam like Fig. 99 has no transverse 
strength. The same result, though not quite so glaringly appa- 
rent at first sight, exists in all the cases which we have, discussed. 
For instance, in figures 85, 86, and 87 the eeetions at the free 
end must have a finite value to resist the shearing stress, and 
the beams must be enlarged, as determined in the next article. 
If the section is reduced to naught, it can sustain no weight. In 
the present case, there is neither tension nor compression at A 
and B, as was shown in articles 99 and 100 ; but there is a 
transverse shea/ring stre^ at those points, and there must be suf- 
ficient transverse section to resist it. The same remark applies 
to tiie preceding cases, and the forms must all be modified to 
meet this condition, as is shown in the next article. 



133. EPFEC1' OF« TRANSVBUSE SHEARIINU STBESS on 

modifying the forms of the learns of -uniform resistance.^ 

The value of the transverse shearing stress is given in Article 
84. For instance, in the case of a beam uniformly loaded, it is 
V^wx = ^l — «w = ^(l — 2a!) at any point in the length. 
This quantity, divided by the product of the breadth and modu- 
I'is of strength for bransoerse shearing, gives the depth neces- 
sary to sustain ^is force. Take, for example, case A, Article 
134. The load being uniform, we have Ss =: ^^ — 2x) as 
given above, ■which is the equation of a straight line, Fig. 100, 
in which 



AB = ^vl ~ (5 X modulus (f shearing). 

Hence we would at first thought naturally infer that the form 
of the beam of uniform strength in this case would be found by 
adding the ordinates of the straight line, AC, to the correspond- 
ing ordinates of the ellipse, thus giving Fig. 101. But as soon as 
this is done the equation of moments is changed ; for the lever 
arm of the force is increased, and the moment; of resisting 
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forees is greater. To avoid thia difficulty we would add the 
Bection which is necessary for sustaining tlie shearing stress, 
to the side of the beam. But in all those cases where the 
depth, as found by moments, is zero, thia method is imprac- 
ticable, for the thickness to be added would be infinite. It 
a^^ns, then, that to solve this case theoretically, we must add 
some arbitrary quantity to the depth as fovaid hy 7rw?nents, 
'tchieh qv^Mitity shaU i/ncreaee the section so as to JkiMy resist 
the moment of the a;^Ued forces, and, in addition th^eto, 
PARTLY resist the shearing stress, and then a section imist be 
added to the side of the Tjea/m which shall sustain the remaMi- 
der of the shea/ring stress. 

Tabulated values of shearing stresses for several of the oases 
whidh ha/ee been considered. The ■values in the fourth column 
of the following table may be found according to the principles 
given in Article 84, or they may be found by taking the first 
differential coefficient of the moments of applied forces.* 

' The third of equations (i2a) is SPa — EP sin. a x j« — EPj^, and ainoe the 
lever arme, x and y, of the forces are always linear quantities, we may enter 
■under the sigu E and differentiate them. This gives IFdx — LP sin adie = 

(EP,)(Z^, or J- [EP - EF sin a] = SF, which, combined with the seewid of 

(43a), gives EP=SF sin a=Ss. Hence we have this simple rule r S» is 
tfie first clifferential €o^0cie)it of tR^ moments cf (he applied forcea. 

When the bendii^ moment has an algfel^raic maximum, the abscissa of the 
point of greatest bending stress may be found by lualdng Wis first differential 
coefficient of the moment of the stress equal to zero, and solving for as ; hence, 
in fhU case, the bending moment is greatest where the shearing stress is ten. 



„Google 



THE KE8ISTAKCB OF MATEEIAL9. 
A TABLE OF MOMENTS AND SHEARING STRESS. 



8«^^^ 


Oonaitl™ of the beam. 


"Fi^i^"' 


Bbeorlng Stress. 


I. 


B'ixed at one end and 
P at the free end. 


Pa. Eq. (35). 


P. 


IL 


B'iied at oue end and 
unifoimly loaded. 


iv>^. Eq. (40). 


wsn. 


rv. 


Supported at the ends 
and P at the mid- 
dle. 


iP*. Eq. (44). 


4P- 


V. 


Supported at the ends 
and umformly load- 
ed. 


iMto-iwe". Eq. (48). 


i«*-«^ 


vn. 


Fixed at one end, sup- 
ported at the other, 
and P anywhere. 


For the part AD, Fig. 

43, Eq. <64). 
For the part DB, Fig. 


(-l+i"'(B-»))P. 

i»'(3-M)P. 


Tin. 


Fixed at one end, sup- 
ported at the other, 
and uniformly load 
ed. 


|«!(4:c'-8&). Eq. (87). 


■iw(&o-M). 


E. 


Fixed at tlie ends and 
P at the middle. 


i(l-4z)P. Eq. (S4). 


iP. 


X. 


FIsed at the ends and 
uniformly loaded. 


||(P-6te+6«'). Eq. 
(103). 


i»i-««. 


Art. 150. 


Fixed at one end, and 
the we^ht of th« 
beam the load. 


Ibxfydx-ibfa^dx. 


Wy^. 


C.Art.l51. 


imifonn load, ale 
load oniformly in 
creating. 


(4W+iW,>— ^-- 


>.^^w,-\^-^-f 
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If a beam is supported at its ends, and loaded with several 
weights P„ P„ P„ etc., as in 
p P p p I'ig- 102, we may i-eadily find 

. I i' I I '' 1 I the shearing stress at any point 

j 1 I .[ 1 I 1 by article 84. It is there 

}- - ^^ ' - - ■■ ~^ shown that the shearing stress 

p,a J02. = -^^i where XP equals the 

algebraic sum of all the ver- 
tical forces, including the reaction at the abutment. Hence, 
we have for the shearing stress 

between the end and P, =: Y ; 
between P, and P, = V — P, ; 

between P, and P, = V — P, — P, ; 

between P, and P. ^ V — P, - F, - P. ; etc. 

If the weights are equal to each other = P, we liave P = Pi 
r= P, =P„ etc. ; and if there are n of them, and they are sym- 
metrically placed in reference to the centre of the beam, we have 
T = iTiP. 

If n is even, we have, at the centre of the beam, the 
transverse shearing stress ^ -JjiP — ^P = - - (197) ; 
and if ft is odd, there will be a weight at the centre, and each 
side of the central weight we have 
transverse shearing stress = inP — 4(n±l)P = ± JP - (198). 

1 34. cssoLVBD PROBI.BMS — Many practical problems in rer 
gard to the resistance of materials cannot be solved according 
to any known laws of resistance. Some of these have been 
solved experimentally, and empirical formulas have been de- 
duced from the results of the experiments, which are sufficiently 
exact for practical purposes, within the range of the experi- 
ments. The resistance of tubes to collajsing, the strength of 
columns, and the proper thickness of the vertical web of rails, 
are such problems which have been solved experimentally. The 
following problems are of this class, and have not been solved. 
The first four are taken from the Mathematical Monthly, Vol. 
I., page 148. 

1. Eeqnired a formula for the strength of a circular flat iron 



,y Google 



184 THE EESISTABCE OF IIATEEIALS. 

plate of miifonn thickness, supported throughout its circumfer- 
ence and loaded uniformly. 

3. Eequired the strength of the same plate if the edges are 
bolted down. 

3. Eequired the eijuation of the curve for each of the pre- 
ceding cases, that they may have the greatest strength with a 
given amount of material. 

4. In the preceding problems, suppose that the plate is square. 

5. Eequired the f orm of a beam of uniform strength which is 
supported at its ends, the weight of the beam being the only 
load. Suppose, also, that it is loaded at the middle. 

The latter part of this problem has received an approximate 
solution under certain conditions, ae will be seen from the fol- 
lowing experiments. 



ISS. BEST FORM OP CAST-IRON BBAM AS POTJWD BXPERI- 

MBMTAi,i.T — Cast-iron beams were first successfully used for 
building purposes by Messrs. Boulton ^nd Watt. The form of 
the cross-section of the beams which they 
'I ^ used is shown in i''ig. 103. More recent 
^ ""^ experiments show that this is a good 
form, but not the best. 
% About 1822 Mr. Tredgold made an 

experiment upon a cast-iron beam of the 
form shown in Fig. 104, to determine 
its deflection. He recommended this 
form for beams. 

Mr. Fairbaim has justly the credit of 
maldng the first series of experiments 
for determining the best Jvrm of^ the 
"*■ '■'"■ "*■ ""■ heam. These experiments were prose- 

■ cuted by himself for a few years, beginning about 1822, and 
continued still later by Mr. Ilodgkinson, 

The , experiments quickly indicated that the lower flange 
should be considerably the largest. 
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The following experiments were made by Mr. Hodgkinson 
(Fairbairn on Cast and Wronglit Iron, p. 11). 




!Fig. 105 &how< the elevation and cross-section of a beam 
whose drnientions are as follows : — 

Area of top nb=l 75x0.42=0.735 inches. 
Area of bottom rib= l.YT x 0.39=0.690 " 
Thickness of vertical rib, - - 0.29 " 

Depth of the beam, 5.125 " 

Distance between the supports, 54.00 " 
Area of the whole section, - - 2.82 square inches. 
Weight of the beam, - - - - 36^ pounds. 
Breaking weight, 6,678 pounds. 

The foi'm of the fracture is shown a,t l> n r. It broke by 
tension. 

EXPEKTMENT IV. 

Dimensions. Inches. 

Thickness at A = 0.32 
" " B = 0.44 

" = 0.47 
« " FE ^ 2.27 
« « DE = 0.52 
Depth of the beam = 5.125 
Area of the section = 3.2 square inches. 
Distance between the supports = 54 inches. 
Weight of casting = 40J lbs. 
Deflection with 6,758 lbs. = 0.25 inches. 

" " 7,138 " =0.37 " 

Breaking weight 8,270, lbs. 
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^" 



L 



DimenBione in inches : — 

Area of top rib = 2.33 x 0.31 ~ 0.72. 
" " bottom rib = 6.67 x 0.66 = 4.4. 

Eatio of the area of the ribs = 6 to 1. 

Thickness of vertical part = 0.266. 

Area of section, 6.4. 

Depth of beam, 5|-. 

Distance between the supports, 54 inches. 

Weight of beam, 71 lbs. 

This beam broke by compression at the middle of the length 
with 26,084 Iba. 

It is probable that the neutral was very near the vertex n, or 
about ^ the depth. 




This was an elliptical beam, Fig. 108. 

Dimensions in inches : — 

Area of top rib = 1.54 x 0.32 = 0.493. 

" " bottom rib = 6.50 x 0.61 = 3.315. 
Katio of ribs, 6^ to 1. 
Thickness of vertical part = 0.34. 
Depth of beam, 5-J-. 
Area of the section, 5.41. 
Distance between supports, 54 inches. 
Weight of beam, 70J Iba. 
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Eroke at the middle by tension with 21,009 lbs. 

rorm of fracture h nr, b n=: 1.8 inches. 

As these beams have all the same depth and rested on the 
same supports, 4 feet 6 inches apart, their relative strengths 
■will be approximately as the breaking weight divided by the 
area of the cross section. 

In Experiment 1, 6,6Y8 -^ 2.82 = 2,3681bs.persquareinch. 
" 14,8,270 -^3.2 =2,584 " 

" " 19, 26,084 -^ 6.4 = 4,075 " " " 

" « 21, 21,009 -=- 6.41 = 3,883 « " 

It is e-vident from these experiments, tliat when the vertical 
rib is thin, the area of the lower rib should be about 6 times 
that of the upper. In the 19th experiment it has already been 
observed that the beam broke at the top, and in the 2lEt it 
broke at the bottom, although the lower flange was larger in 
proportion -to the upper than in the preceding case, and the 
comparison shows that they were about equally well propor- 
tioned. They should be so proportioned that they are equally 
liable to break at the top and bottom. 

A beam proportioned so as to be similar to either of the two 
last forms above mentioned may be called a " type poem." 

ISO. HODGKiNsoN'S FOKMci-Asybj- tks strength of cast- 
iron ieams of the type foem. 

Let W= the breaking weight in tons (gross). 

a =■ the area of bottom rib at the middle of the beam. 
d = the depth of the beam at the middle, 
and I =■ the distance between the supports. 
Then according to Mr. Hodgkineon's experiments we have 

W= 26-T- when the beam was cast with the bottom 
I <■ 

rib up, and 

IT = 24 -^ when the beam is cast on its side. 

157. KXPKniMKNTS ON T KAILS. — Experiments ouTbars, 
supported at their ends and loaded at the middle, gave the fol- 
lowing results : — * 

* Mahaa's Civ. Eng., pp. 88 and 89; Bailow on the Strength of SlateiiBlB, 
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Hot blast bar, rib upward, X broke with - - 1,120 ponnda. 

" " " downward, T broke with - 36i " 

Cold blast " " upward, X broke with. - - '2,352 " 

" " " downward, X broke with - - 980 " 

The ratio of the strengths is nearly as 3 to 1, but according 
to the table in Article 47, we might reasonably expect a higher 
ratio. If a greater number of experiments would not have 
given a higher ratio, we would account for the discrepancy by 
supposing that the neutral axis moved before rupture took 
place, or that the ratio of the crushing strength and tenacity is 
less for comparatively thin castings than for thick ones. It is 
known that the crushing strength of thin castings is proportion- 
ately stronger than thick ones. Hodgkinson found that for 
castings 2, 2^, and 3 inches thick, the crushing strengths were 
as 1 to 0,780 to 0.756 ; and Colonel James found a greater in- 
crease — ^being as 1 to 0.79i to 0.624. See also Article 37. 

158. ■WBouGHT-iRON BE&ins — The treacherous character 
of cast-iron beams, on account of the internal structure of the 
metal, and the unseen cracks and flaws which may exist, has 
led to the introduction of solid wrought-iron beams. "When cast- 
iron beams were first used, it was practically impossible to 
manufactm'e solid wrought-iron ones, but the great improve- 
ments which have been made since then in the processes of 
manufacturing, have not only made their construction possible, 
but they have enabled the manufacturer to produce them so 
cheaply as to bnng them within the means of those who desire 
such articles. At Trenton and Pittsburg they make rolled 
beams from a single pile,* but it is stated that by this method 
they can make beams only about nine inches in depth. At 
Buffalo and PhcenixviUe they use Mr, John Griffin's patent, 
which consists in rolling the flanges separately, piling the plates 
for the web between them, and then rolling and welding the ■ 
whole together. By this method they can make beams at least 
twenty inches deep, and of any desired length. There is no 
attempt to make them of uniform strength. They are of the 
double T (I) pattern, and of uniform section throughout. 

• Jonr. Frank. Inst., VoL 86, p. 331. 
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1*S9. TORSIVE sxKAiNS are very common in machinery. 
In all eases where a force is applied at one point of a shaft to , 
turn (or twist) it, and there is a resisting force at some other 
point, the shaft is subjected to a torsive strain. The wheel and 
axle is a familiar case in which the axle is subjected to this 
strain. To produce torsion without bending, two eq^ual and par- 
allel forces, acting in opposite directions, and lying in a plane 
which ie perpendicular to the axis of the piece, must be bo applied 
to the section that the arms of the forces shall be equal. In other 
words, mechanically speaking, a cowple whose axis coincides 
with tie axis of the piece, must be applied to tlie piece. If 
only a single force, P, is applied, as in Fig. 109, the piece is 
pushed sidewise at the same time that it is twisted ; but the 
amount of twisting is the same as if the force, P, were divided 
into two, each equal ^P, and each of these acted on opposite 
sides of the axis and in opposite directions, and at a distance' 
from the axis equal AB, Fig. 109. For, the moment of the 
couple thus formed, is iP x 2 x AB=P.AB, which is the 
moment of P. 

160. THB ANei.s OP TORSION is the angle th/rough which 
a fibre whose length is imity, and which is sitztated at a tmifs 
distance from the axis, is tv/med iy the twisti/ng force. It 
depends for its value, in any case, upon the elastic resistance to 
torsion, as well as upon the dimensions of the piece and the 
twisting force. The analysis by which its value is determined 
is founded upon the following hypotheses, which are approxi- 
mately correct. 
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1st. The resistance of any fibre to torsioa varies directly as its 
distance from the axis of the piece. 

2d. The angular amount of torsion of any fibre between any 
two sections, or the total angle of torsion, varies directly as the 
distance between them. 

It is found by experiment, that these hypotheses are suffi- 
ciently exact for cylinders and regular polygonal prisms of 
many sides. They assume that transverse sections which were 
plane before twisting, remain so while the piece is twisted, but 
in reality the fibres which were parallel to the axis before 
being twisted are changed to helices, and this operation pro- 
duces a longitudinal strain upon the fibres ; and this, in turn, 
changes the transverse sections into warped surfaces.* 

To find the angle of torsion : — „ 

Let I = AD — the length of the piece, 
Fig. 109. 
a = AE = the lever arm of P. 
P = the twisting force. 
» = a Ah = the total angle of tor- 
sion, or angle through 
which A« has been twist- 



e = 7 = " The Angle of Torsion," 

— supposed to be small. 
y(g, ^) = the ecLuation of a transverse section, and 
G = the coefficient of the elastic resistance to torsion, which 
is the force necessary to turn one end of a unit of area and 
unit of length of fibres through an angle unity, the vertex 
of the angle being on the axis of torsion, one end of the fibres 
being fixed and the twisting force being appHed directly to 
the other end, and acting in the direction of a tangent to the 
are of the path described by the free end. 

As a unit of fibres cannot be placed so that all of them will 
be at a unit's distance from the axis, we must suppose that the 
resistance of a very thin annulus, which is at a unit's distance, 
is proportional to that of a unit of section ; or the resistimce 

• E&ame des Legons, NaTJet, Paris, 1864, p. 376 and several other page* 
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of an element at a units' distance from the axis is G multiplied 
by its area ; which expressed analytically is 



and according to the first law 

Gp'dpd^ = the resistance of any 
fibre whose length is unity, to being twisted through an angle 
unity ; and the moment of resistance = Gp^dpdip for an angle 
unity ; and for any angle the moment is, according to the 
second law, 

Gep'dpd<f> 
and the total moment equals the moment of the applied force, 
or moments of the applied forces ; hence 

Fa = Geffp'dpd<f> = G^Ip, 

where Ip is the polar moment of inertia of tlie section. 



Jo Jo 



For circular sections ^ =; / / p'dpd(f> = ^7rr' (199) 



' (200) 

„ 2Pa 

or, 6 =: ^ — ■, 

161. XHE VAI.VE OF THE coEFFiciEUTT G may be found 
from equation (200). M. Cauchy found analytically on the con- 
dition that the elasticity of the material was the same in all 
directions, that G ^ ^ E.* M. Duleau found experimentally 
that G is less thMi ■§- E, and nearly equal i- E, f and 11. Wert- 
heim found G = f E nearly. :|: M. Duleau's experiments gave 
the following mean values for G : t 

Pounds. 

Soft iron 8,533,680 

Iron bars - - - , 9,480,917 

EngHsh steel - - 8,533,680 

Eorged steel (very >)^) 14,222,800 

CMtiron 2,845,600 

• R^BtunS dea Lemons, Navier, Paris, 1856, p. 197. 
\ S^sistsace Aes Materiaux, Moriu, p. 461. 
\ L'Ei^imeeT, 1858, p. OS. 
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Ponnda. 

Copper 6,209,670 

Bronze 1,516,150 

Oak 568,912 

Pine 615,472 

Example. — If an iron shaft whose length is 5 feet, and diameter 2 inches, 
is twisted througli an angle of 7 degraea by a force P = 3,000 Iba., acting on a 
lever, a~9 inches, required G. The 7 degrees is first reduced to ate by multi- 
pljmg it by jg^,, which givcB u = ~, and Eq. (200) gives, 
a X 5000 y 6 x60k 
(3.1418)" X 7 



= 9,697,000 lbs. 



163. XOKSION PENnciiTrril — If a prism is suspended from its 
Tipper end, and supports an arm a te 1 we nd, and two weights each equal 
i W are fixed on the arm at equal d an from the prism, and the prism be 
twisted and then left free to m th t«rs nal force will cause an ai^ular 
movement of the arm until h fib e. ar b ught to their normal position, 
after which thej will be earn d f ard m a new position by the inertia 
of the moving maaa in the w ghta un d he torsional resistance of the 

prism brings them to rest, after n h qli they wil reverse their movement, and 
an oscillation will resulti The conditions of the oscillation may easily be inves- 
tigated if the prism is so small that Its mass may be n 

For, equation (300) readily gives : 



from which it appears that the torsional force P varies as the space (aa) over 
which it moves. 

It is a principle of mechanics that the moving force varies directly as the 
product of the moving mass multipUed by the acceleration. Hence, if a: = (on), 
the variable space, and t = the variable time, and M = the mass moved, and 
ohservit^ that t and ic are inverse functions of each other, and the above prin- 
ciple of mechanics gives the following equation ; — 



Multiplying both members by the dx, gives 



whore W is the weight of the mass moved, and g is the acceleration due to 
gravity. The osciltationB commence at the extremitiy of an arc whose length 
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A Becocd integral gives 



The integral of the last equation 






which is the time of half an osuiUation. For a whole oscillation : 

-nv. 



= ^sil^" 



This ia essentially the theory of Coulomb's torsion pendulam. A torsion 
pendulum was used by Cavendish in 1778 to determine the density of the 
earth. (See Boyol PJaloiiophiecU l^ansactions : London, Vol. 18, p. 388.) He 
found the mean density of the earth by this method to be 5.48 tiraea that of 
water. This ia considered the most reliable of all the known methods, but 
the regvlta of other methods exceed the -value given above by a small amount 
only, thereby confirming this reanlt and showing that the mean density of the 
earth is about 54^ times that of water. 

163. BCPTCBB BY VOB8ION — The resistance which a bar 
offers to a twisting force is a torsional shearing resista/iice, and 
in regard to rupture, the equation of eqnUibrium is founded 
upon the following principles ;— 

1st. The strain upon anj fibre varies directly as its distance 
from the axis of torsion ; and, 

2d. The sum of the moments of resistances of the fibres 
equals the sum of the moments of the twisting forces. 

Let S = the modulus of tokbion, that is, the ultimate resist- 
ance to torsion of a unit of the transverse section which is 
most remote from the axis of torsion. It ia the ultimate sheai'- 
ing resistance to torsion, but may be used for any shearing stram. 
which is less than the ultimate, 

di ^ the distance of the most remote fibre from the "axia of 
torsion, 

y (p, 0) = the equation of the section, 

P = the twisting force, and 

a = the lever arm of P. 

Jp = the polar moment of inertia of a section. 

Then pdpd>p = dA = the area of an element of the section ; 
13 
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the shearing etrain of the most re- 
mote element ; aiid,by the first prin- 
ciple given above, 

the shearing strain of any element, 
which is at a unit's distance from the 
axis of torsion, according to the first 
principle above ; and from the same 
pnneiple we have 
— p'dpdrj) = the shearing strain of any element, 
' and this, multiplied by Jhe distance of 

t]ieelement,/>, from the axis, gives 

T- p'dpd<p = the moment of resistance to torsion, 

Ilenee, according to the second principle we have 

For circular sections, we have already found, Eq. (199), 

For square sections, whose sides are 5, we may find * 
Lp =: -J- J', and di =h V^. 

164. ruACTicAi FOKOTULAs — Equations (199) and (201) 
give for cylindrical pieces, observing that d, = r, 

Pa = i7rS/.-.S=?^. (202) 

If cylindrical pieces are twisted off by forces which form a 
coupls, and P, a, and r measured, the value of 8 may be found 
from equation (202), Cauchy found S = | E,f which is con- 
sidered sufficiently exact when a proper coefficient of safety is 
used. Calling S = 25,000 pounds for iron, and using about a 

' We have A & ^ /T*' + ^') '^ =J'x''dA.+J'fdk, that is, tie polar 

moment equals the sum of the rectaagTilai mometits, the origin being the same 
in both cases, la this case the origin being at tie centre of the square, we 
have / Q^dX = fy''dA. .: Ip = 3^'dA == 3 x ^^b' (see Eq. (33) ), 
f E6sum6 des Jie^ona, Nawer, Paria, 1858, pp. 193-203, and p. 507. 
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five-fold security ; and S =: 8,000 pounds for wood, and using 
about a ten-fold security, and we may use for 



(203) 



KOUND IKON SHAFTS (WTOUgllt 

or east), diameter = ■^y'Va 
Squake ikon shafts {wrought 

or cast), side of the square — -j^^Pa 

Squake wooden shafts, 

side of the sq^uai-es = ^ ^ P« 

The dimensions given by tliese formulas are unnecessarily 
large for a steady strain, but shafts are frequently subjected to 
sudden strains, amounting sometimes to a shock, and in these 
cases the resiilts are none too large. 

Practical formulas may also be established on the condition 
that the total angle of torsion shall not exceed a certain 
amount. Making G = f E, and solving (200) in reference to **, 
and we have for cylindrical shafts, 




In these expressions P should not be so great as to impair 
the elasticity, — say for a steady strain P should not exceed the- 
values given by equation (203). 

If •' is given in degrees, it is reduced to arc by multiplying 



come : for cylindrical iron shafts, 

»- = 3.14y_^; (204) 

and for square iron shafts, 

(?=5.51'/J^. (205) 



Example)— 1. A round iron shaft fifbeen feat long, ia acted upon by a 
weight) P = 2,OQ0 lbs. applied at the oii^nimferaiice of a wheel which is on t^e 
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ahaft, tiie diameter of the wheel heing two feet ; what must be the diametee 
of the shaft ao that the total angle of toreioii ahall be 2 degrees ? 
If the shaft is cast-iron E = 16,000,000, and 



V" 



"2 X 10,000,000 = 



2. A ronnd wooden shaft, whoae lengtli is 8 feet, is attacjied to a wheel 
whose diameter is 8 feet. A force of 200 pounds is applied at the circnmfer- 
enoe of the wheel, what must he the diameter of the shaft bo that the total 
ai^le of torsion shall not exceed 3 degrees ? 



= "■'"' V- 



For further information upon tiis subject eee " K^sistance des Materianx," 
Nayier; Paris, 1S56, pp. 237-509, and the eKhanative Brticles of Cheyandier 
and Wertbeim in "Annales des Chemie et Physique," VoL XL, and VoL L. 

105. KEscTLTs OF wii:R'rH£iin>s BXPBRiinBNTs A few 

years since M. G. Wertheini presented to the French Academie 
des Science^ an exhaustive paper upon the subject of torsion, the 
substance of which was pubHshed in the Amiales de Chirnie et 
de Physique, Vol. XXIII., 1st Series, and Voh L., 3d Series. 
These articles would make a volume by themselves, and hence 
we will content ourselves at this time with presenting his 

CONCLUSIONS. 

"When a body of three dimensions is subject to torsion the 
following facts are observed :— 

Ist, The torsion angle will consist of two parts, one tempo- 
rary, the other permanent ; the latter augments continually, 
though not regularly, 

2d. The temporary displaeements augment more and more 
rapidly than the moments of the applied couples, and the increase 
of the mean angle, which in hard bodies continues until rup- 
.ture, in soft bodies continues only to the point where the body 
commences to suffer rapid and continuous deformation, 

3d. The temporary angles are not rigorously proportional to 
the length, and, all else being equal, the disproportionality in- 
creases in measure as the bar becomes shorter. 

4th. In all homogeneous bodies, torsion caused a dmiinution 
of the volume, which is proportional to the length and square 
■of the angle of torsion, and each point of the body, instead of 
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desenbing an are of a circlej follows the arc of a spiral. The 
condensation of the body increases from the centre to the cir- 
cumference. 

6th. In bodies mth three angles of elasticity, the change of 
volume and resistance to torsion are functions of the three axes, 
and the relation between them may be such that the volume 
will augment. 

6th. Circular or turning vibrations of great amplitude are 
difficult to produce, and as small angles of torsion only are used, 
the preceding concltisiona apply to this case. 

7th., Kupture produced by torsion usually takes place at tlie 
middle of the length of the prism ; ■ it commences at the dan- 
gerous points, and operates by slipping in hard bodies and by 
elongation in soft ones. 

8th, "With regard to the influence of the figure and absolute 
dimensions of the transverse sections of the bodies, we derive 
the following conclusions : — 

9th. In homogeneous circular cylinders the diminution of the 
volume is equal to the original volume multiplied by the prod- 
itct of the square of the radius, and the angle of torsion for a 
unit of length (the angle being always very small). Further, 
under torsion the radius of the cylinder equals the primitive 
radius multiplied by the sine of the angle of inclination of the 
helicoidal fibres. This last gives a means of calculating the 
diminution of volume. But in reality the twisted cylinder 
takes the form of two frustra of cones joined at the smaller 
bases; and although this does not sensibly affect the theoretical 
results for long cylinders, yet it deprives our formulas of all 
their value in ordinary practical cases. 
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CHAPTER IX. 

EFFECT OF LONG-CONTINUED STEAINS— OP OFT-EEPEATED 
STRAINS, AKD OP SHOCKS— REMARKS UPON THE CRYSTAL- 
LIZATION OF IRON. 



166. GBNEKAi EFFECT — The vftlues of the eoefficieiite of 
elasticity and the modulii of tenacity, crushing, and of rupture 
were determined from strains which were continued for a short 
time — -generally only a few minutes — or until equilibrium was 
apparently established ; and yet it is well known that if the 
strain is severe, tlie distorsion, whether for extension, compres- 
sion, or bending, will increase for a long time ; and as for rup- 
ture, it always takes time to break a piece, however suddenly 
ruptui-e may be produced. By sudden rupture we only mean 
that it is produced in a very short time. 

The increased elongation due to a prolonged duration of the 
strain beyond a few minutes, will affect the coetHcient of elas- 
ticity but verj' slightly, for the strains which are used in deter- 
mining it are always comparatively small, and tlie greater part 
of the effect is produced immediately after the stress is applied. 
Still, if the distortion should go on indefinitely, no matter how 
slowly, the elasticity, and hence the coeiBcient, would be greatly 
modified by a very great duration of the stress, however small 
the stress may be ; and at last rupture would take place. If the 
basis of this reasoning be well founded, we might reasonably 
fear the ultimate stability of all structures, and especially those 
in which there are members subjected to ta^sion. But the con- 
tinued stability of structures which have stood for centuiies, 
teacb^ us, practically at least, that in all cases in which the 
strain is not too severe, equilibrium is established in a short 
time between the stresses and strains, and in such eases the 
piece will sustain the stress for an indefinitely long tiniei 
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lOy. HODGKIHSON'S EaUPEBIMENTS. — The TCBultB of tlie 

experiments wliich are recorded in Article XL., page 48, show 
that in one ease the coinpression increased with the duration of 
the strain for three-fourths of an hour. In the case of exten- 
sion on another bar, as shown in Article VII., page 7, it ap- 
pears that the same weight produced an increased elongation 
for nine hours ; but during the last, or tenth hour, there was no 
increase over that at the end of the ninth hour. 

In both these cases the strain was more than one-half that of 
the ultunate strength, 

168. vicAT>s EXPEBiOTENxs. — M. Yicat took wrought^ 
iron wire and subjected it to an uniform stress for thirty-three 
months. The elongations produced by the several weights were 
measured soon after the weights were appHed, and total lengths 
determined from time to time during the thirty-three months. 
It was found for all but the first wire, as given in the following 
table, that the increased elongations after the first one were 
very nearly proportional to the dm^ation of the s 
de OhcTnie et Physique, Vol. 5i, %d series^ 

TABLE 

Of the -BmuSs of M. That's ExperimenU a 



Amount at Stialn. 


Ill 
.111 


InorsBed ElonKatlon sftec 33 






i <A its ultimate tensUe atraiu. . . 
\ oi ita ultimate tensile strain. .. 




No additional increase. 
0.037 of an inch per foot. 


i of its ultimate tensile etrain, .. 


0.040 of aa inch per foot 


1 of ita ultimata teusUe Btrain. .. 


0.001 of an inch per foot. 



169. PAiKBAiKN'S EXPBBiMENTs. — Fairbaim made e»- 
periments upon several bars of iron, which were subjected to a 
transverse strain, the results of some of which are recorded in 
the following tables. {See Cast and Wrought-iron, by Wm. 
Fa/irbaim^ The bars were four feet sis inches between the 
supports, and weights were appHed at the middle, and permitted 
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to remain there several years, as indicated by the tables. The 
deflections were noted from time to time, and tlie results were 
recorded. 

TABLE I, 
In which the Weight Applied teas 336 pounds. 











5! 
ill 






11 


V 




March 11.1837.... 


1.870 


1.461 


Cold-blast, 




Jane 3, 1838 


1.316 


1.638 


0.661 ; 1 


72= 


July 5, 1839 


1.305 


1.533 


Hot-blast 


81° 


June 6, 1840 


1.303 


1.520 


0.694: 1 


60" 




1.306 


1.630 




58° 


April 19, 1842 


1.308 


1,630 






1.301 


1.548 











Previous to taking the observations in November and April 
the hot-blaet bar had been disturbed. 

In regard to this experiment Kr. Fairbaim remarks :^" The 
above experiments show a progressive increase in the deflec- 
tions o£ the cold-blast bar during a period of five years of 0.031 
of an inch, and of 0.087 of the hot-blast bar." The numerical 
results are found by comparing the first defiection with the 
mean of all the observed deflections. But an examination of 
the table shows that tlie greatest deflection, which was ob- 
served in both cases, was at the second observation, which was 
about a year and a quarter after the weight was applied, and 
during the next two years the deflections deffreased 0.015 of an 
inch for the cold-blast, and 0.018 of an inch for the hot-blast 
bar. After this the deflections appear to increase for the cold- 
blast bar 0,005 of an inch the next two years. Considering all 
the particulars of these experiments it dora not seem safe to 
eondude that the deflections would go on increasing indefinitely 
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with a continuance of the load. Admitting that the small in 
crease of deflections during the last two years are correct and 
not due to errors of observation, and we see no reason why the 
deflections would not be as likely to decrease after a time as 
they were after the first year. 

TABLE IL 
In lehieh tA« Rur wai Loaded ui'fA S92pmitids. 



„™™. 


■s 


!! 
P 


1 


if 

III 


78' 

73° 

ei° 

60= 
58' 


March 6,1837 

June 23, 1838 

July 5, 1839 

June 6,1840. 

April 19, 1843 


1.684 
1.834 
1.834 
1.835 


1,715 
1.803 
1.798 
1.798 
1.804 
1.813 


For cold-blast, 

0.771:1 
For hot-blast, 

0.805 : 1 




1.803 


1.788 











Here we see a general increase in the deflections from year 
to year, being very regular in the cold blast, and quite irregular 
in the hot blast. But we observe that the increase is exceed- 
ingly small after the first year, being only 0.004 of an inch in 
the cold blast bar, and 0.009 of an inch in the other. 
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TABLE m 



TE»Pli;iUTI,'RE 


1 


If 


i! 


III 
if 




sl 


|l 


u 


1" 












March 6, 1837 


1.410 


11 




78' 


June 33, 1838. 


1.457 


CoM-blast. 


73° 


July 5, 1839 


1.446 








June 6, 1840. 


1.445 






60° 


November 33, 1841. 


1.449 


ltl 




58' 


April 19,1842 


1.449 










1 a 






1.443 













We find fi.'om tliis table, as from Table L, that the maximum 
defiection was observed about a year and a quarter after the 
weight was applied, and that it decreased during the next two 
years, after which it slightly increased. The deflections were 
the same at the two last observations. These changes to<.>k 
place under the severe strain of more than four-fifths of the 
breaMng weight. These experiments indicate that for a steady 
strain which is less than three-fourths of the ultimate strength 
of the bar, the deflection will not increase progre^ively until 
rupture takes place, but will be confined witliin small limits. 



170. ROEBLlNCi'S OBSEHVATIONS. The old ]! 

bridge in Pennsylvania, after thirty years of severe service, was 
removed to make place for a new structure. The iron which 
was taken from the old structure was carefully examined and 
tested by Hr. Eoebling, and found to be in such good condition 
that it was introduced by him into the new bridge.* 

He also found that the iron in another bridge Over the Alle- 
ghany river was in good condition after forty-one , years of 
service. 

• Eoebling's Report on ttfl Sia^asB, Kailroad Bri(^, 1860, p. 17 ; Jour. 
Frank. Inst, 1860, ToL LXX., p. 361. 
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Kearly all kinds of structures are subjected to greater strains 
at certain times than at others, and some structures, a 
and certain machines, are subject to almost constant changes 
the strains. Loads are put on and removed, and the operation 
constantly repeated. The only experiments to whicili we can 
refer for determining the effect of a load which is placed upon 
a bar and then removed, and the operation of which was fre- 
quently repeated, are those of 
Wm. Fairbaim, made in I860.* 
The beam was supported at its 
ends, and the weight which pro- 
duced the strain was raised and 
lowered by means of a crank and 
pitman, as shown in Fig. 110. 

The gearing was connected 
with a water-wheel, which was 
kept in motion day and night, rig. no 

and the number of clianges of 

the load were registered by an automatic counter. The beam 
was 20 feet clear span and 16 inches deep. The dimensions of 
the cross section were as follows : — 

Top— Plate, 4 X -4^= 2.00 sq. inched 

Angle irons,2x2 Xt^=, . .2.30 " " 

Bottom— Plate, 4 x i=; 2.00 " " 

AngIeIrons,2x2x,3y— 1.40 " « 

"Web— Plate, 15i x i= 1.90 " " 

Total S.60 " " 

Weight of beam, 1 cwt. 3 qr. 3 lbs. 
Probable breaking weight, 9.6 tons. 

First Eatperiment. — Beam loaded to J the breaking weight : — 

Total applied load 5,809 lbs. 

Half the weight of \hG beam 434 " 

Strain on the bottom flange 4.3 tons per sq, inch. 

Margin of strength by Board of 



• Civ. Eng, and Aroh. Jcrui., Vol. XXIIL, p. 357, and Vol. XXIV., p. 337. 
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TABLE 

'f fhi Jtemlta of Experiments made upon a Beam tehicli lem Supported at 

Endi, and a Weight repeatedly but gradually A^ied at the Middle, 



».,., 


1 
i 


is 


.„.. 


i 


Jl 


1M.0 
March 31 


10,540 
1S,610 
27,840 
48,100 
57,790 
73 440 
8o,S60 
97 430 
112,810 
144^50 
105,710 
302,800 
285 811 


0.17 
0,18 
0.18 

o!i6 

0.17 
0.17 
0.17 
0.17 
0.17 
0.16 
0.18 
0.17 
0.17 


1860. 


368,328 
281,210 
331,015 
843,880 
390,430 
408,3«4 
417,940 
449,280 
468,600 
489,769 
513,181 
536,385 
660,539 
596.790 






u:::::::::: 










34 


30 


0.17 


28 
27 


25 


0.16 
















s::::':::': 




31 


















7 
10 


n 

u 


a 16 

0.16 



At this point, after half a million of changes, the beam did 
not appear to he damaged. At first it took a permanent set of 
0.01 of an inch, which did not appear to increase afterwards, 
and the mean deflection for the last changes was less than for 
the first Por the last seventeen days the deflection was uni- 
form, but for the first seventeen days it was variable. 

The moving load was now increased to one-third tlie break- 
ing weight, = 7,406 lbs., with the following results : — 





■s 


1 




•a 


■3 




I 






s 












P 


■ 


I860 






1860 






Hay 14 








217 300 






13 623 




9 


236 460 


0,31 


17 


36,417 


0.23 


13 


354 320 


0.31 


19 


53 770 


0.21 




293 600 








0.32 


31 








138,300 


0.23 




350 000 


0,23 


29 


161500 


0.23 


25 


875 650 


0.35 


31 


177,01.0 


0.83 




403 310 


0.33 


June 4 


194,500 


0.21 






0.33 
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The beam had now received 1,000,000 changes of the load, 
but it remained uninjured. The moving load was now in- 
creased to 10,030 lbs. — or one-half the breaking weight — and it 
broke with 5, ITS changes. The beam was then repaired by 
riveting a piece on the lower flange, so that the eectional area 
was the same as before, and the experiment was continued. 
One hundred and fifty-eight changes were made with a load 
equal to one-half the breaking weight ; and the load was then 
reduced to two-fifths the breaking weight, and 25,900 changes 
made. Lastly, the load was reduced to one-third the breaking 
weight, with the following results : — 



DATE. 


1 
P 


1 

1 


.„.. 


1 

'S.J 


3 


1860. 


35.900- 
46,336 
71,000 
101,760 
107,00() 
135,260 
140,500 
180,500 
243,800 
377,000 
330,000 
375,000 
430,000 
484,000 
538,000 
677,800 
817,800 
057,500 
713,300 
768,100 
831,970 
875,000 


0.18 


I860, 








1,034,500 

1,131,100 
1,378,000 
1,342,800 
1,436,000 
1,485,000 
1,543,000 
1,602,000 
1,661,000 
1,730,000 
1,779,000 
1,839,000 
1,885,000 
1,945,000 
3,000,000 
2.059,000 
3,110,000 
2,165,000 
3,350,000 
2,737,754 




2i'.'. '.'.'.'.'. 




... 

a is 


1861. 






















8.:::'.:: 




























0.18 


la 






so 


















10 


13 






















8 

IB 


Jxme ..'.'.'.'.'.'. .'.'.'. 


b'.ii 



The piece had now received nearly 4,000,000 changes in all, 
but the 3,727,000 changes after it was once broken and re- 
paired did not injure it. The changes were not very rapid. 
During the first experiment they averaged about 11,000 per 
day, or less than eight per minute, and during the last experi- 
ment the highest rate of change appears to have been less than 
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eleven per minute, whicli is very slow compared with the stroke 
of some machinee. Tilting-haramers often run fi-om ten to 
twenty times this speed. 



SHOCK — CEVSTALLIZATION, 

171, SHOCKS — When a weight is applied to another body 
suddenly it produces a " shock " upon the materials which com- 
pose the bodies. We caimot, practically, tell how frequently or 
with what force bodies must come in contact with each other in 
order to produce, a " shock ; " but theoretically any smaU body 
which is suddenly arrested in its movement, or suddenly devi- 
ated in its eouree by another body, produces a shock. Mass is 
necessary to the production of a shock, and the masses must im- 
pinge upon each other. If a force could manifest itself inde- 
pendent of matter, arresting the movement of it, however sud- 
denly, by another force, would not produce a shock. Also, 
changing the movement of a mass by sucli a force, however 
sudden, will not produce a shock. These ideas are approxi- 
mately realized in the movements of steam, air, and other gases. 
Steam impinges against air without producing shock, practically 
speaking. A moving piston (in some machines) is brought to 
rest by the reaction of steam, or by a steam cushion, without 
producing shock. The alternate expamions and contractions of 
a piston-rod, or pitman, or other similar piece in steam machin- 
ery, which are caused by the alternate pull and push of the 
moving force, do not produce a shock. The pieces may be 
" shocked " on account of working with loose connections, but 
that cause is not here considered. In the first example above 
cited tliere is very little mass in the moving or resisting bodies ; 
in the nest one the motion of the moving mass is changed, and 
may be brought quite suddenly to rest by the action of a highly 
elastic medium which has but little mass ; and in tlie last exam- 
ple the particles are contiguous and are only slightly moved in 
reference to each other, as the forces of extension and compres- 
sion are ' transmitted through the bar. The particles are not 
permanently displaced in reference to each other, as they are 
liable to be by a blow or " shock." 

Shocks are practically prevented in many cases by the 
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introduction of elastic substances wliich possess ■ eonsiderable 
mass. Thus steel, rubber, and wooden springe in vehicles and 
in certain machines are familiar examples. But elasticity alone 
is not a sufficient protection, for, as has been previously observed, 
all bodies are elastic. When masses are used for springs they 
must be so arranged as to operate through a perceptible space 
in bringing the moving body to rest, or in changing its velocity 
.a perceptible amount. 

Springs, however elastic, will not always prevent a shock, al- 
though tliey may greatly relieve it. Thus, the springs under a 
car will not prevent the shock which always follows when the 
ear-wheel strikes the end of a rail, although the shock is not as 
severe as it would be if the body of the car were rigidly con- 
nected with the axle. So, too, the springs between the buffers 
on a car and the body of the car will not prevent one buffer 
striking another so as to produce a " shock." In these cases the 
springs may prevent the shock from being transmitted in a 
large degree to the body of the car. The springs in certain 
forge-hammers operate in a similar way to prevent a " shock " 
upon the working parts of the machinery. 

" Shocks " are very injurious to machinery, and hence should, 
so far as possible, be avoided. All machines in which " shocks " 
are necessary, or incidental, or accidental, such as steam forge- 
hammers, morticing machines, stone-drilling machines, and the 
like, are much more liable to broak than those tliat operate by 
a steady pull and push. Metals are so liable to break under 
such circumstances that many have supposed that the internal 
structure is changed, and the metal becomes more or less crys- 
tallized. 

The strength of the metal which is subjected to shoc&s is also 
greatly modified hy the terivperature — the lower the temperature 
the more da/maging is the shock. It has been shown in Article 
29, that wrought iron is somewhat stronger at a low tempera- 
ture under a steady strain than at a higher temperature. Not- 
withstanding this is contrary to the " popular notion," it has 
been further confirmed by the very careful experiments of the 
" Committee appointed by His Majesty the Kipg of Sweden," 
and reported by Knut Stj'ffe, Director of the Koyal Teehnolog- 
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ical Institute of Stockholm,* Their first conclusion was :— f 
" The absolute strength (tenacity) of iron and steel is not dimin- 
ished by cold, but that even at the lowest temperature which 
ever occurs in Sweden, it is at least as great as at tlie ordinary 
temperature— or 60° Fahr." 

' These results are confirmed by the more recent experiments 
of Joule of England, and by several other experimenters. 

But it is generally supposed that machinery, railroad iron-, 
tyres on locomotives, and tools, break much more frequently 
with the same usage when very cold than they do when warm. 
Is this a mere notion ? 

Is it because breakages are more annoying in cold than in 
warm weather, and hence make a more lasting impression upon 
the minds of those who have to deal with them ; so that they 
think they occur more frequently? Impressions are not sate 
guides in scientific investigations. Our observations on the use of 
out-door machinery in cold and warm weather lead us to believe 
that they do break much more frequently witii the same usage 
in winter than in summer. The same fact, in regard to tlie 
breaking of rails on railroads, was admitted by Btyffe ; but 
-after arriving at the conclusion wbich he did in regard to the 
efiect of cold upon the absolute strength of iron, he concluded 
tliat the cause of the more frequent breakages was due to tlie 
more rigid and non-elastic foundation caused by the frozen 
ground. But Sandberg, the translator of Styffe's work, thought 
that iron when subjected to shocks might not give the same 
relative strength at diifei-ent temperatures that it would wlien 
subjected to a steady strain. He therefore instituted another 
series of experiments to satisfy himself upon this important 
point, and. aid in solving the problem. The following is an 
abstract of his report : — 

The supports for the rails in the experiments were two large 
granite blocks which rested upon granite rocks in their native 
bed. The rails were supported near their ends on these blocks. 
They were broken by a ball which weighed 9 cwt., wliich was 
permitted to fall five feet the first blow, and the height increased 

• The Elasticity, Extenability, and Tenaile Stiengtli of Iron and Steel. By 
Knut Styfle. Translated by Christer P. Sandberg, London, 
f Ibid., p. 111. 
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one foot at each eucceediiig fall, and the deflection measnred 
after each impact. A email piece of wrought iron was placed 
on the top of each rail to receive the blow, so as to concentrate 
its effect. 

The rail was thus hroken into two halves, and each part was 
afterwards broken at diffet-ent temperatures. As the experi- 
ments were not made till the latter part of the winter, the 
lowest temperature secured was only 10" Fahr. Fourteen rails 
were tested: — Seven of which were from Wales; five from 
France ; and two from Belgium. From these the experimenter 
drew the following conclusions : — * 

1. " That for such iron as is usually employed for rails in the 
three principal rail-making countries (Wales, France, and Bel- 
gium), the breaking strain, as tested hy sudden, blows or shocks, 
is considerably influenced by cold ; such iron exhibiting at 10° 
F., only one-third to one-fourth of the strength which it pos- 
sesses at 84° F. 

2. "That the ductility and flexibility of snch iron is also 
much affected by cold, rails broken at 10° F. showing on an av- 
erage a permanent deflection of less than one inch, whilst the 
other halves of thesanie rails, broken at 84° F., showed less than 
four inches before fracture." 

This seems to be the fairest and most conclusive experiment 
npon this point that we have met with, but it la not satisfactory 
to all, or else they are ignorant of the experiment, for there has 
been of late considerable discussion upon the subject in the 
scientific journals. Some take the experiments of Fairbaim 
and Joule as conclusive npon the point, and attribute the cause 
of the failures, in many eases, to an inferiority of the iron, and 
in the case of tyres to an over-stretching of the metal when it 
is put on the wheel. By many, the presence of phosporous 
is considered especially detrimental to iron which is subject- 
ed to shocks in cold weather. But until the fact is estab- 
lished that cold iron is weaker than warm iron, when subjected 
to shocks, it is worse than useless to speculate upon the cause. 
More experiments are needed on this point, in which the quality 
of the metal, and all the conditions of the experiments should be 
definitely known, 

* StTSe^s work on iron anil steel, traualated. by Sandbeor, p; 157. 
14 
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The following experiments, by John A. Boebling,* bear upon 
this subject, although they are not conclusive, for it is not re- 
ported that the same metal was tested when warm : — 

" The samples tested were about one foot long, and were re- 
duced at the centre to exactly three-fourths of an inch square, 
and their ends left larger, were welded to heavy eyes, making 
in ail a bar three feet long. These were covered with snow and 
ice, and left exposed several days and nights. Early in the 
morning, before the air grew warmer, a sample inclosed in ice, 
was put into the tesiing-machine and at once subjected to a 
strain of 26,000 pounds, the bar being in a vertical position, and 
left free all around. The iron was capable of resisting 70,000 
lbs. to 80,000 lbs. per square inch. A stout mill-hand struck the 
reduced section of the piece, horizontally, as hard as he could, 
with a billet one and a half inches in diameter and two feet 
long. The samples resisted from three to one hundred and 
twenty blows. With a tension of 20,000 lbs. some good sam- 
ples resisted 300 blows before breaking." 

The finest and best qualities of iron, or those that have the 
highest coefficient elasticity will resist vibration best. It is 
generally supposed that good iron will resist concussions much 
better than steel. Sir William Armstrong, of England, says : — 
" The conclusion .at which I have long since arrived, and which 
I still maintain, is, that although steel has much greater tensile 
strength than wrought iron, it is not as well adapted to resist 
eoneussivo strains. It is impossible, then, that the vibratory 
action attending concussion is more dangerous to iron than to 
steel. The want of uniformity is another serious objection to 
the general use of steel in such cases." This has been used 
as an argument against the use of steel rails, but practically 
this has proved not to be a serious difficulty. So many ele- 
ments must be considered in the use of steel rails, aside from 
fracture, that the problem must be solved by itself, and princi- 
pally upon other grounds. 

1 73. cKYSTAn-izATioN. — A Crystal is a homogeneous in- 
organic solid, bounded by plane siirf aces, systematically arranged. 
The quartz crystal is a familiar example. Different substances 

* Jiw. Fremk. In&t., vol. xl., 3d series, p. 361. 
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cryBtallize in forma which are peculiar to themselves. Metals, 
under certain circtunstances, crystallize; and if they are broken 
when in this condition the fracture shows small plane surfaces, 
which are the faces of the crj-stals. It is found in all eases 
that crystallized iron is weaker than the same r/ietal in its or- 
dinary state. By its ordinary state we mean that wrought 
iron is fibrous, and east iron and steel are granular in their 
appearance. 

Iron crystallizes in the cubical system.* "WhSler, in break- 
ing cast-iron plates readily obtained cubes, when the iron had 
long been exposed to a white heat in the brickwork of an iron 
smelting furnace. 

Augustine found cubes in the fractured surface of gun barrels 
which had long been in use. 

Percy found on the surface and interior of a bar of iron, 
which had been exposed for a eonsiderabie time in a pot of 
glass-making furnace, large skeleton octahedra. (He seems 
to diifer from the preceding in regard to the form of the 
■crystals.) 

Prof. Miller, of Cambridge, found Bessemer iron to consist 
of an aggregation of cubes. 

Mallet says : — " The plans of crystallization group themselves 
perpendicular to the external surfaces." 

Bar iron will become crystalline if it is expired for a long 
time to a heat considerably below fusion. Hence we see why 
large masses which are to be forged may become crystalline, on 
account of the long time it takes to heat the mass. Porging 
does not destroy the crystals, and forging iron at too low a 
temperature makes it tender, while steel at too high a tempera- 
ture is brittle. The presence of phosphorous facihtates crystal- 
lization. Time, in the process of breaking iron, will often 
determine the character of the fracture. If the fracture is 
slow, the iron will generally appear fibrous ; but if it be quick, 
it will appear more or less crystalline. Many mechanics have 
noticed this result. At Shoeburyness armor-plates were shat- 
tered like glass under the impact of shot at a velocity of 1,200 
feet to 1,600 feet per second. The iron was good fibrous iron. 

Many engineers are of the opinion that oft-repeated and long- 

!• See Osbom'H MetaUnrgy, pp. 8a-86. 
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continned Bhoebs will change fibrous to crystalline iron. Opin- 
ions, however, are divided npon this subject. In view o£ the 
immense amount of machinery and other constructions, parts of 
which are constantly snbjeeted to shocks, the importance of the 
subject can hardly be overestimated. 

William Fairbairn says; — * "We know that in some cases 
wrought iron subjected to eontinuons vibration assumes a crys- 
talline structure, and that then the cohesive powers are much 
deteriorated ; but we are ignorant of the causes of this change." 

The late Robert Stephenson f referred to a beam of a Cor- 
nish engine which received a shock eight or ten times a minute, 
equal to about fifty tons, for a period of twenty years without 
apparent change. These shocks were not very frequent, and 
would not be considered as detrimental as if they occurred a 
few times each second. He also says ; — " The connecting-rod of a 
certain locomotive engine that had run 50,000 miles, and re- 
ceived a violent jar eight times per second, or 25,000,000 vibra- 
tions, exhibited no alteration." In all the eases investigated by 
him of supposed change of texture, he knew of no single in- 
stance where the reasoning was not defective in some important 
link. These are not fair examples of shocks, as the vibrations 
referred to seem to be only changes from tension to compression, 
and the reverse. 

Mr. Brunei accepted the theory of molecular change, for a 
time, as due to shocks, but afterwards expi'esaed great doubts 
as to its correctness, and thought that the appearance depended 
more upon the manner of breaking the metal than upon any 
molecular change. 

Eairbaim has speculated a little upon the probable cause of 
the internal change when it tabes place. In his evidence before 
the Cotmrdssiorwrs o^poiMted to mq'idre into the a^lication 
of iron to rmUeay structv/res, he says : — " As regards iron it is 
evident that the application and abstraction of heat operates 
more powerfully in effecting these changes than probably any 
other agency ; and I am inclined to think that we attribute too 
much influence to percussion and vibration, and neglect more 
obvious causes which are frequently in operation to produce 
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the change. For example, if we take a bar of iron and heat it 
red hot, and then plunge it into water, it is at once converted 
into a crystallized instead of a fibrous body ; and by repeating 
this process a few times, any description of malleable iron may 
be changed from a fibrous to a crystalline structure. Vibration, 
when produced by the blows of a hammer or similar causes, 
such as the percussive action upon railway axles, I am willing 
to admit is considerable; but I am not prepared to accede to 
the almost universal opinion that granulation is produced by 
those causes only. I am inclined to think that the injury done 
to the body is produced by the weight of the blow, and not by 
the vibration caused by it. If we beat a bar with a small ham- 
mer, little or no effect is produced; but the blows of a heavy 
one, which will shake the piece to the centre, will probably give 
the key to the cause which renders it brittle, but probably not 
that which causes crystallisation. The fact is, in my opinion, 
we cannot change a body composed of a fibrous texture to that 
of a crystalline character by a mechanical process, except only 
in those cases where percussion is carried to the extent of pro- 
ducing considerable increase of temperature. We may, how- 
ever, shorten the fibres by continual bending, and thus render 
the parts brittle, but certainly not change the parts which were 
originally fibrous into crystals. 

For example, take the axle of a car or locomotive engine, 
which, when heavily loaded and moving with a high velocity, 
is severely shocked at every slight inequality of the rails. If, 
under these circumstances, tlie axle bends— however slightly — it 
is evident that if this bending be continued through many 
thousand changes, time only will determine when it will break. 
Could we, however, suppose the axle so infinitely rigid as to re- 
sist the effects of percussion, it would then follow that the in- 
ternal structure of the iron will not be injured, nor could the 
assumed process of crystallization take place," 

The late John A, Roebling, the designer and constructor of 
the Niagara Railway Suspension Bridge, in his report on that 
structure in I860,* says he has given attention to this subject 
for years, and as the result of his observation, study, and experi- 
ment, gives as his view that " a molecular change, or so-called 

* Jour. Frank. InM., vol. xl., 3d aeries, p. 361. 
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granulation or crystallisation, in consequence of vibration or 
tension, or both combined, has in no instance been satisfactorily 
proved or demonstrated by experiment" " I further insist that 
crystallization in iron or any other metal ocm never take place in. 
a cold state. To form crystals at all, the metal must be in a 
highly heated or nearly molten state." Notwithstanding these 
positive statements, he still hesitates to express a decided opinion 
which win cover the whole field of investigation. Still further 
on he states that he is witnessing the fact daily that vibration 
and tension combined will greatly affect the strength of iron 
without changing itsfbroua texture. Wire ropes and iron bars 
will become weakened as the vibration and tension to which they 
are subjected increase. 

Certain macliines in which the working parts are subjected 
to frequent shocks, more or less severe, are constantly failing, 
and the general impre^ion is that the failure is due to crystal- 
lization. In speaking of the rock-drilling engines used in 
Hoosac Tunnel, Mass., which were driven by compressed air, 
the committee say : *— " Gradually they begin to fail in strength ; 
the incessant and rapid blows— counted by millions — to which 
they are subjected, appearing to gramdate or disintegrate por- 
tions of the metals composing them." Having had some experi- 
ence with this cla^ of machines, I know something of the diffi- 
culties which surround thera.f During the winter of 1866-7 
my assistant in the University, Professor S. W. Eobinson, and 
myself made several experimental, machines, in the use of which 
we learned many essential conditions which must be observed 
in order to avoid frequent breakages in the use of iron which 
is subjected to frequent and long-continued shocks. As flrst 
designed, the br^kages in the several working parts were ex- 
ceedingly nmnerous, the remedy for which was not in making 
those parts larger and stronger, for that only aggravated the 
evil in most cases, but in arranging the moving parts so that 
they would be moved and brought to rest with as little shock as 
"" " !, and then making them as light as possible consistent 



• Annual Report of the ComraissionecH oi 
and Hoosac Tunnel. House Doo. , No. 30, 

t Notioe of, by B. 3. Latrobe, C. E. Sen. Doo. No. 20, 1 
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with strength- But at the rapid rate at which we ran them, 
which waa from 300 to over 500 blowe per minute, it was not 
easy to comply with these conditions. Ko especial difficulty 
was experienced from the general shock caused by the striking 
of the tool upon the rock ; but the chief difBctilty arose from 
the blow or shock to which the working pieces were directly 
subjected in operating them. At last, however, according to 
the report of the superintendent of the Marmora Iron Mine, 
Ont., at which place they have been in use for some tim,e, we so 
far overcame all the difficulties as to make it a decidedly prac- 
tical machine. In the experiments we found that it was a bad 
condition to subject a piece to a blow crosswise of its length ; 
that is, perpendicular to its length.* It was also found that a 
piece struck obliquely would sustain a much greater number of 
blows than if struck perpendicularly. Many pieces evidently 
broke slowly, and was analogous to breaking a piece of tough 
iron on an anvil by comparatively light blows. If the blows 
were so severe as to start a crack in the piece, it would ulti- 
mately break if the blows were continued sufficiently long. 
Several of the broken pieces were critically examined to see if 
they were crystallized, but there were no indications of any 
change in the internal structure of the metal. 

AU shm'p angles in pieces which are shodked should, if pos- 
sible, he avoided ; for in the process of mainif acture they are 
liable to be rendered weaker at such points, and if they are 
equally strong so far as manufacture is concerned, a greater 
strain, at the instant they are shocked, is liable to fall at such 
points, thus rendering them relatively weaker there. At least 
it is found that such pieces are more liable to break at the 
angle. Hence, in the construction of direct-action rock-drills, 
direct-action steam-hammers, and similar percussion machines, 
the steam piston is not only generally made solid with tlie rod, 
but it is connected mth it by a curve. In other words, the rod 
is more or less gradually enlarged into a piston. At first, much 
difficulty was experienced in this regard with steam-hammers, 

" I have seen it published that a small hammer was made to etrike a blow 
npon the side of a bar which was suspended vcrtJoallj', the blows beiog: repeated 
night and day for nearly a year, when the bar broke ; but as the force of the 
blow and size of the bar were not given, I have thought that the statement 
wa£ too indefinite to be of aa.j scientific yalue. 
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for in some cases the piston broke awaj from the rod, and 
slipped down over it. 

In certain steam forge-hammers the piston-rod is liable to 
break where it joins the hammer. In this case the worst pos- 
sible arrangement is to make a rigid connection between the 
hammer and rod. The author once saw a rod three and one- 
half inches in diameter nicely fitted into a conical hole in a 400- 
pound hammer, the taper of the rod and hole being slight, so 
that it would hold by friction when once driven into place. 
The connection was practically rigid. The rod broke twice with 
ordinary use inside of twenty days. Probably it would have 
lasted a long time if the blow could always have been exactly 
central ; bat in ordinaiy use it would very naturally be sub- 
jected to cross strains by making a blow when the material was 
under one edge of the hammer. By a repetition of these cross 
strains, rupture might have been produced without any crystal- 
lization. 




This difficulty is practically overcome in several ways, one of 
the most common of which is to place blocks of wood or other 
slightly elastic body between the end of the piston-rod and the 
hammer. Morrison overcame the difficulty by making the rod 
so large that it {the rod) became the hammer, and a small block 
of iron or steel was fitted into the forward end of the rod to 
serve as a face for the hammer. 

A Mr, "Webb, of England, proposed to overcome the difficulty 
by a device which is shown in Fig. 113, 
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Eefemng to the figure, it will be seen that the piston-rod, 
which is for the main part of its length 4 in. in diameter, is en- 
lai^d at the lower end to 6f in. in diameter, and is shaped 
Bpherically, This spherical portion of the rod is embraced by 
the annealed steel castings, B B, which are secured in their 
place in the hammer-head by the cotters, A, and the whole 
thus foi-ms a kind of ball-and-socket joint, which permits the 
hammer head to swivel slightly on the rod without straining 
the latter. Mr. Webb first applied this form of hammer-rod 
fastening to a five-ton Nasmyth hammer with a 4 in. rod. "With 
the old mode of attachment, with a cheese end, this hammer 
broke a rod every three or four weeks when working steel, while 
a rod with the ball-and-socket joint, which was put in in No- 
vember,'1867, has been working ever since, that is, to some time 
in 1869, without giving any trouble. The inventor has also ap- 
plied a rod thus fitted to a five-ton. Thwaites and Carbutt's ham- 
mer with equal success. 

These examples seem to indicate that if iron is crj'stallized on 
account of shocks, the progress of the change may be slackened 
by a judicious arrangement of the pieces and by proper connec- 
tions. But it does not follow that because a metal breaks so 
frequently when subjected to shock, that it has become crystal- 
lized. It has been observed by those who have made the experi^ 
ment, that a piece of bar iron which is broken by heavy blows, 
when the piece is so supported as to bound with each stroke, 
will present a crystalline fracture ; but if the same bar be broken 
by easy blows near the place of the former fracture, it will pre- 
sent a fibrous texture ; showing that in the former case the in- 
ternal structure was not changed, unless it were in the immedi- 
ate vicinity of the fracture. In such cases the appearance of 
the surface of the fractwre does not indicate the true state of 
the internal structure. One reason why metals fail which are 
subjected to concussions, without crystallizing, is ; — an excessive 
strain is brought upon some point, thus impairing the elasticity 
and weakening the resisting powers, in which case, if the strains 
be repeated sufficiently long, rupture must ultimately take place. 
Or, if the concussion be sufficiently severe and local, it may dis- 
place the particles, and thus begin a fracture. This frequently 
takes place in the case of anvils, hammers, hammer-blocks, and 
the like. 
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If a bar is bent by a blow sufficiently great to produce a set, and 
the bar be bent back by another blow, and so on, the bar being 
bent alternately to and fro, rupture would probably take place 
at some time, however remote. It is often difficult to determine 
the strain which falls at a particular point of a piece when it is 
subjected to a shock, but if we could determine its exact amount, 
we might find it to be sufficiently large to account for rupture 
by shocks, without considering any mysterious change in the 
internal structure of the metal. 

Note. Since the above was written, several articles have 
appeared in the scientific journals, giving the results of obser- 
vations and experiments upon the strength of iron at low tem- 
peratures, and they all confirm the position above stated,— that 
iron will not resist shocks as effectually at very low temperatures 
as it wUl at ordinary temperatures, 
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CHAPTER X. 

LIMITS OP SAFE LOADDTa OF MEOHAKICAL STRTJCTTJKES. 

173.— KisK AND SAFBTT.-We liave now considered the 
breaking-strength of materials under a variety of conditions, 
and also the changes produced upon them when the strains are 
within the elastic limits. In a mechanical structure, in which 
a single piece, or a combination of pieces, are required to sus- 
tain a load, it is desirable to know how small the piece, or the 
several pieces, may be made to sustain a given load safely for 
an indefinite time ; or, how much a given combination will sus- 
tain safely. The nature of the problem is such that an exact 
limit cannot be fixed. Materials which closely resemble each 
otlier do not possess ^actly the same strength or stiffness ; and 
the conditions of the loading as to the amount or manner in 
which it is to be applied, may not be exactly complied with. 
Exactness, then, is not to be sought ; but it is necessary to find a 
limit below which, in reference to the structure, or above which, 
in reference to the load, it is not safe to pass. 

It is evident that to secure an economical use of the material 
on the one hand, and ample security against failure on the other, 
the limit should be as definitely determined as the nature of the 
problem wiSl admit ; but in any case we should incline to the 
side of safety. No doubt should be left as to the stability 
of the structure. There is no economy in risk in permanent 
structures. Risk should be taken only in temporary, or experi- 
mental, structures ; or where risk cannot, from the nature of 
the ease, be avoided. 

174. ABSOLUTE MODULAs OF SAFETY — Li former times, 
one of the principal elements which was used for securing 
safety in a structure, was to assume some arbitrary v^lue for 
the resistance of the material, such value being so small that 
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the material eonld, in the opinion of the engineer, eafely sus- 
tain it. This is a convenient mode, bat very unpliilosophical, 
although still extensively used. The plan was to determine, as 
nearly as pcssible, what good materials would sustain for a long 
period, and use that value for all similar materials. But it is evi- 
dent, from what has been said in the preceding pages, that some 
materials will sustain a much lai;ger load than the average, 
while others will not sustain nearly so much as the average. 
In all such cases the proper value of the Tnodulas can only be 
determined by direct experiment. In all important structures 
the strength of the material, especially iron and steel, should be 
determined by direct experiment. 

The following values are generally assumed for the modidas 
of safety. 

Pomidti per square Inch. 

Wrought, iron/w tenskm. or amvprmgUm, from 10,000 to 13.000 

Cast iron, for ten»iim,, ftom 3,000 to 4,000 

Cast iron, toi eompre^^on, feom 15,000 to 30,000 

Wood, termmi. or eompreiHcm,, from 850 to 1,300 

fgranite, from 400 to 1,200 

quartz,from 1,300 to 2,000 

Stone, wmprmi^n "} aaadstone, from 300 to 600 

[limestone, from 800 to 1,200 

The practice of French engineers,* in the construction of 
bridges, is to allow 3,8 tons (grass) per inch upon the gross sec- 
tion, both for tension and compression of wrought iron. 

The Commissioners on Railroad Structures, England, estab- 
lished the rule that the maximum tensile strain upon any part 
of a wrought iron bridge should not exceed five tons (gross) 
per square inch. + 

In most cases the effective section is the section which is sub- 
jected to the strain considered. 

173, FACTOK OF SAFETT. — The next mode, and one which 
is also largely in use, is to take a fractional part of the ultimate 
strength of. the material, for the limit of safety. The recipro- 
cal of this fraction is called the factor of safety. It is the ratio of 
the ultimate strength to the computed strain, and hence is the 

" Am. B, E. Times, 1871, p. 6. 

t Civ. Eng. and Arch. Jour. Vol. xiiT.,p. 337. 
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factor by which the computed strain must be multiplied to 
equal the actual strength of the material, or of the structure- 
Experiments and theory combine to teach that the factor of 
safety should not be taken as small as 2, See articles 19, 166, 
167, and 168. 

Beyond this the factor is somewhat arbitrarily assumed, de- 
pending upon the ideas of the engineer. For instance, the fol- 
lowing values were given to t]ie Commissionere on Kailway 
Structures, in England.* 

Faelor». 

Messrs. May and Grissel 3 

Mr. Brunell 3fco5 

Messrs. Rasbrick, Barlow and others 6 

Mr. Hawkshaw 7 

Mr. Glyn 10 

The following values are also given by others : — 

Faetore. 

Bow, for wrought-iron beams 3.5 

Weiabach, for wrought iron f 3 to 4 

Vicat, for wire suspension bridges more than 4 

T, 1 . £ ■ L ■ J ( steady strain 3to4 

Kankme, tor wire bridges { .' , , ^ . „ 

^ ( moving load 6 to 8 

T-. , . , 1, . t (for posts and braces 5 to 6 

i ink, iron - truss bridges { . '^ . , ■, „ 

\ for cast-iron chords 7 

Fairbaim, for cast iron beams % 5to6 

C. Shaler Smith, compression of cast iron 5 

Kankine and others, for cast-iron beams 4to6 

Mr. Clark in Quiney Bridge, lower chord 6 to 7 

Washington A. Eoebling, for suspension cables 6 

Morin, Vicat, Weisbach, Eondelet, Navier, Barlow, and 

many others say that for a wooden frame it should not 

be less than 10 

For stone, for compression 10 to 15 

From the experiments which are recorded in Article 170, 
Fairbairn deduced the following conclusions in regard to beams 

" Civ. Eng. and Atch. Jonr. , Vol. jciiv, p. 337. 
f Weistacli, Mech. and Eng. Vol. \, p. 201. 
t Fftirbaim, Cast and Wroug-bt Iron, p. 58. 
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and girders, whether plain or tubular. * " The weight of the 
girder and its platform should not in any case exceed one-fourth 
the breaking weight, and that only one-sixth of the remaining 
three-fourths of the strength should he used by the moving load." 
According to this statement the maximum load, including the 
live and dead load, may equal, but should not exceed, 

i + iof| = | 
of the breaking load. Jlence the factor of safeiy must not be less 
than 2.66 when the above conditions are fulfilled. This value 
is, however, evidently smaller than is thought advisable by most 
engineers. 

The rule adopted by the Boai-d of Trade, England, for rail- 
road bridges is t " to estimate the strain produced by the greatest 
weight which can possibly come npon a bridge throughout every 
part of the structure which should not exceed one-Jlfth the ulti- 
mate strength of the metal." They also observed that ordinary 
road bridges should be pr<;portionately stronger than ordinary 
railroad bridges. 

176. BATioNAii Limx OF sAFEXT.^It is evident that 
materials may be strained any amount within the elastic limit. 
Their recuperative power-— if such a term may properly be 
used in connection with materials — lies in their elasticity. If that 
is damaged the life of the material is damaged, and its powers 
of resistance are weakened. Aa we have seen in the preceding 
pages, there is no known relation between the coefficient of elas- 
ticity, and the ultimate strength of materials. The coefficient of 
elasticity may be high and the modulus of strength comparatively 
low. In other words, the limit of elasticity of some metals may 
be passed by a strain of less than one-third their ultimate 
strength, while in others it may exceed one-half their ultimate 
strength. We see, then, the unphiltBophical mode of fixing an 
airbitrary modidv^ of safety, or even a factor of safety, when 
they are made in reference to the ultimate strength. But an 
examination of the results of experiments shows that the limit 
of elasticity is rarely passed for strains which are less than one- 
third of the ultimate strength of the metal, and hence, according 

• Civ. Eng. and Arch. Jour., Vol. mriv., p. 329. 
'I' Civ. Eng. and Aich. Joui., Tol. xxiv., p. 326. 
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to the views of the engineers given in the preceding article, 
^Q factor of safety is generally safe. Eat if the limit of elas- 
ticity were definitely known it is quite possible that a ainaller 
factor of safety might sometimes be osed.* 

This method of determining the hmit has been recognized by 
Bome writers, and the propriety of it has been admitted by many 
pratitical men, but the difflculty of determhiing the elastic limit 
has generally precluded its use. The experiments which are 
necessary for determining it are necessarily more delicate than 
those for determining the ultimate strength. 

There is also a slight theoretical objection to its use. The 
limit of elasticity is not a definite quantity, for it is not pcs- 
sible to determine the exact point where the material is over- 
strained. But this is not a fatal objection, for the limit can be 
determined within small limits. 

In regard to the margin that should be left for safety, mtich 
depends upon the character of the loading. If the load is 
simply a dead weight, the margin may be comparatively small; 
but if the structure is to be subjected to percussive forces or 
shocks, it is evident, as indicated in articles 19 and ITl, that 
the margin should be comparatively large, not only on account 
of the indeterminate effect of the force, but also on account of 
the effect of such a force upon the resisting powers of the 
material. In the case of raihoad bridges, for instance, the 
vertical posts or ties, as the case may be, are generally subjected 
to more sudden strains due to a passing load, than the upper 
and lower chords, and hence should be relatively stronger. 
The same remark applies to the inclined ties and braces which 
form the trussing; and to any parts which are subjected to 
severe local strains. 

The frames of certain machines, and parts of the same 
machines, are subjected to a constant jar while in use, in which 
cases it is very difficult to determine the proper margin which 
is consistent with economy and safety. Indeed, in such cases, 
economy as well as safety generally consists in making them 

■ James B. Bads, in hia E^ort npon, tAe lUitms and 8t. Louis Bridge, tea: 
1871, states that he tested samples of steel which were to be used in that 
stmoture, which showed limits of elastic reaction of 70,000 to 03,000 pounds 
pei Eqiuore inch. 
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exoessivdy strong, as a single breakage might c(«t much more 
than the extra material necessary to fully insure safety. 

The meohanical execution of a structure should be taken 
into consideration in determining the proper value of the mar 
gin of safety. If the joints are imperfectly made, excessiTe 
strains may fall ilpon certain points, and to insure safety, the 
margin should be larger, No workmanship ia 2>erfeci, but the 
elasticity of materials is favorable to such imperfections as 
necessarily exist ; for, when only a portion of the surface which 
is intended to resist a strain, is brought into action, that por- 
tion is extended or compressed, as the case may be, and thus 
brings into action a still larger surface. But workmanship 
which is so badly executed as to be considered imperfeci 
would fail before all its parts could be brought into bearing. 

170. EXAMPLES OF STRAINS THAT BAVE BBBN tTSED 

IN PKACTiCAi. CASES. The margin of safety that has been 
nsed in various structures may or may not serve as guides 
in designing new structures. If the margin for safety is so 
small that the structure appears to be insecure and gives indi- 
cations of failure, it evidently should not be followed. It 
serves as a warning rather tlian as a guide. If the margin 
ia evidently excessively large, demanding several times the 
amount of material that is necessary for stability, it is not a 
guide. Any engineer or mechanic, without regard to scientific 
skill or economy in tlie use of materials, may err in this direc- 
tion to any extent. But if the margin appears reasonably safe, 
and the structure has remained stable for a long time, it serves 
as a valuable guide, and one which maj' safely be followed 
under similar circumstances. Structures of this kind are 
practical eases of the approximate values of the inferior limits 
of the factors of safety. The following are some practical 
examples : — 
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IRON TKUSSED BKIDGES, 



Passaic (Lattice) 

Place de I'Europe (Lattice) 

Canastota (N. Y. O. R B.) {Latlke). . ■ ■ 

Newaxk Dyke (Warren ffirder) 

Boyne Viadnct (Lattice) 

Charrii^ Cross (Lathee) , 

St. Charles, Mo, ( WMmile TrvAs) * , 

LooisviEe, Ky. (Fink, Truss) 

Keokuk and Haimibal f 

Quincy Bridge % , 

Kansas City Bridge § 

Hamubal Bridge ( ^aa^angvia/r Trtisi} \ 



12,000 
7,000 t* 13,000 
9,351 
10,000 
11,375 
Faotoi of safety, 5 



Factor of safety, S 

711 
Factor of safety, 5 



Cumberland Valley R. R. Bridge 

Portage Bri<^ (N. T. & E. B. S.). . 



' R R Gazette, July 8, 1871, p. 169. 

^R.R SiweM^, JulylS, 1871,p. 178. Pirot apan 370 feet 5 inches ; longest 
pivot span yet constmoted. 

% Report of Chief Engineer Clark, 

g Calculated from the Report of Chief Engineer O. Channte, pp. 106 and 
136. 

I The tanaile strength of the material ranged from 55,000 Iba. to 65,000 
lbs. per square inch.— .fi, B. Oaxette, July 15, 1871, p. 109. 
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CAST-IRON 



,^ „„.„.. 


Feet. 


Le, 


^^ 


ZL 


»=, 
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137 
1S7 
I3fl 



3 
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138 
140 
147 
153 
300 


15 
35 
33 
35 

18 
38 
48 


175 
151 
173 
244 
393 
215 
349 


11 3 


Waterloo (9 .dreAes)... 


30,0 


Taaf<&w(A Tfafet),... 
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10.3 















CAST-STEEL AKCH. 
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• Irwin on Iron Bridges and Roofs. 

f Cresy's Encjclopsedia, 

J Report of tlie Engineer, p. 33. 
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400 
460 


6.85 ■ 

3.00 

4.75 


5.03 















* Tensae strengUi, 70,000 lbs. per equare inch. 

t Tensile strength, 100,000 lbs. per square inch. 

X Engineer's Report. Suspendir^ ties, factor of siJety, 8 

§ Jour. Frank, fiist,, vol Lxxxvn., p. 165. 

I Report of the Chief Engineer, J. A. B 
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Lower course* o( the Piers of NeniUy Bridge {Paris) 
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177. PROOF LOAD. The proof load is a trial load. It 
is intended as a practical test of a theoretical structure. 

It generally exceeds the greatest load that it is ever intended 
to put upon the structure. Some structures, especially steam 
boilers, are subjected to excessively severe trial strains, often 
being two or even three times that to which they are to be 
subjected in actual use. " This is done," they say, " to insure 
against failure." But such severe strains do no good, and 
often do great damage, for they may overstrain the material 
and thus weaken it. Por instance, if a stnicture is proportioned 
to carry 10,000 pounds per square inch, but on account of the 
imperfection of the material or imperfect workmanship, some 
,point is required to carry 20,000 pounds per square inch ; and if the 
structure is tested to 20,000 pounds per square inch, that point 
would be obliged to carry nearly 40,000 pounds per square inch, an 
amount which it might not be able to sustain for a long time. 
We say nearly 40,000 pounds ; for it should be remembered that 
where the workmanship is imperfect, thereby throwing greater 
strains on certain points than was intended, the elasticity of 
the materials permits those members to be compressed or 
extended more than they otherwise would be, and thus tends 

• Strei^h of materials, J. K. WhMin, p. 23. 

f " In Hie atone work the pressures vaiy from 8 to 2B tons per square foot. 
Stone Tiaed ia granite, Belected samplea of wliioli, have borne a crusliing- Btraia 
of 600 toua per aquare foot. Some will not bear over 100 tons per equate foot, 
Tlie general average is necessarilj- muct less than that of the best specimens. " 
— Statement of the OMtf Engineer, Waehingtim, A. BoeiUng. 
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to bring into action the other members whicli at first were 
more lightly strained. In this way there is a tendency to bring 
about an equilibrium of strains on all those parts which were 
calculated to carry equal amounts. 

According to the principles which have been discussed 
in the preceding pages, it is evidently better for the struc- 
ture, and should be more satisfactory, to apply a moderate 
proof load for a long time than an excessive one for a short 
time. 
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PBESERVATION OF TIMBER. 

(The Graduatim Thesis of Mr. H. W. lewis, of the claas of 1886, and more 

recently engiaeerf on the Missouri Valley Railroad, forms the llasis of this 

article. I iiaiva added to it such new matter as I find in the Graduating Tlissig 

of Mr. A, B. Raymond, of the class of 1871.— Author,) 

1. THK latPORTANCE OF THIS SUBJECT may he shown, by many familiar 
eianjples in practical life. 

Although iron is coming more and more eitensiTely into use, yet the amount 
of wood which is nsed at the present time in mechanical structures, and which 
wdl, in. the nature of things, be used for a lang" time to come, is enormous. 
For instance: in 1865 there was sold in Chicago alone 900,000,000 pieces of 
lath, 3,000,000,000 of shu^les, and 5,000,000,000 feet of lumber.* 

In the matter of railroad ties alone, any process which could be easily and 
cheaply applied, which would double their life, would literally saye millions to 
the country. This may be shown by an approiimate calculation, thus:— Al- 
lowing only 3,000 sleepers to the mile, at a cost of fifty cente each, and admit- 
ting- that the average life of American sleepers is only seven years,t and that 
it costs ten cents to treat each tie in some way so as to make it laat fourteen 
years, then the savii^ at the end of seven years is $600 per mile. For ten 
cents at compound interest at ten per cent, for seven years amounts to twenty 
'cents,. which from fifty cents leaves thirty cents as the net saving on one; and 
on 2,000 it amounts to |600. 

There aie in the United States about 45,000 miles of railroad ; and hence, 
if the above conditions could be realized of all of them, the annual saving 
would be about $3,400,000 ! Other uses of timber would show a correspond- 
ing saving. 

a. CLASSIFI(iATH>?f OP CONDITIONS.— Timber may be subjected to the 
following conditions : — 
It may be kept eonslanH^ dry ; at least, praetioMy. 
It may be amstaiMg wet in fresh water. 
It may be conManUy damp. 
It may be altematdy wet atid dry. 
It may be wnstanUy tBet in gea inater. 

3. TIMBER KSPT CONSTANTI.Y DRY will last' for centuries. The roof 
of Westminster Hall is more than 450 years old. In Stirling Castle are carv- 
ings in oak, well preserved, over 800 years old ; and the trusses of the roof of 
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the Baailiea of St. Paul, Rome, were sound and good after 1,000 years of 
eecvice.* Tbe timber dome of St, Mark, at Venice, waa in good condition 
860 years after it was built, f 
Artificial preservatiTea seem to be unneeesaary under tJiia condition. 

4. TI9IBGK KEPT CONSTANTLY WET IN FRESH WATER, under such 
conditions as to esolude tie air, is also very durable. The pillars upon which 
dwellings of the Canaries rest were put in their present place in 1402, and 
they remain sound to the present time.t The utenailB of the lake dwellings 
of Switzerland are supposed to be afc least 3,000 years old.g 

Tbe piles of the old London Bridge were sound 800 years after they were 
driven. The pHea of bridge built by Trajaa, after having been driven more 
than 1,600 years, were found to be petrified four ioches, tie rest of the wood 
being in its otdinaty cOQdition;§ 

Beneath the foundation of Savoy Place, London, oak, elm, beech, and 
chestnut piles and planks were found in a perfect state of preservation after 
havii^ been there 650 years, g 

While removing the old walls of Tunbridge Castle, Kent, there was found, 
in the middle of a thick atone waU, a timber curb which had been enclosed 
for 700 years. § 

It is doubtful if artificial preparations would have prolonged the life of the 
timber in these cases. 

5. TIMBER IN DAMP SITUATIONS.— Timber, in its native State, under 
these circumstances, is liable to decay rapidly from the disease called ' ' dry 
tot." In dry rot the germs of the fungi are easily carried in all directions in 
a structure where it has made its appearance, without actual contact between 
the sound and decayed wood being necessary ; whereas the communication of 
tie disease resiiltjng from wet rot takes place only by actual contact. The 
fnngus is not the cause of the decay, but only converta corrupt matter into 
new forma of life, l 

There are three conditions which aie at our command for prolonging the life 
of timber in damp situations i — 

1st. Thoroi^hly season it ; 

3d. Keep a constant circulation of air about it ; and 

8d. Cover it with paint, varnish, or pitch. 

The firat condition is essential, and may be combined with either or both of 
the others. 

By seasoning we do not mean simply drying so as to expel the water of the 
sap, but also a removal or change of the albuminous substances. These are 
fermentable sutetancea, and when both are present they are ever ready, under 
suitable circumstances, to promote decay. The cellulose matter of the woody 
fibre is very durable when not acted upon by fermentation, and it is this that 
we desire especially to protect. 
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■OnseaBoned timber which is aurrounded by a dead air decays very rapidly. 
The timber of nmiiy modem constructions is translated from the forests and 
enclosed in a linished building in a few weeks, and unless it is subject to a free 
circulation of air it inevitably decays rapidly.* 

Thoxoagh Tcntilatiou is indispensable to the preservation of even weE-sea- 
soned naked wood in damp localities. The rapid decomposition of sills, sleep- 
ers, and lower floora is not surprising where neither wall-gratings nor venti- 
lating flues carry off the moisture rising from the earth, or fool gases evolved 
in the decay of the antfaoe mould. In the close air of cellars, and beneath 
buildings, the experiments of Pasteur detected the lai^st percentage of 
fungi spores. Remove the earth to the foot of the foundation, and fill in the 
caTity with dry sand, "plaster-rubbish, etc., Dr lay down a thick stratum of 
cement to exclude the water, and provide for a complete circulation of air, 
and lower floors will last nearly as long as npper ones, \ 

A covering of paint, pitch, varnish, or other irapervious substance upon nn- 
dried timber is very detrimental, for by it all the elements of decay ace re- 
tained and compelled to do their destroying work. The folly of oiling, paint- 
ing, or charring the surface of unseasoned wood is therefore evident. Owing 
to this blunder alone, it is no unusual thing to find the painted wood-work of 
older buildings completely rotted away, while the contiguons naked parta ace 
perfectly sound. 

While an external application of coal tar promotes the preservation of dry 
timber, nothing can more rapidly hasten decay than such a coating upon the 
surface of green wood. But thia mistake is often made, and dij rot does the 
work of destruction. % Carbonising the surface also inereaeea the durability of 
dry, but promotes the decay of wet timber. Farmers very often resort to 
one of the latter methods for the preservation of their (ecce-posta. Unless 
they discriminate between green and seasoned timber, these operations will 
prove injurious instead of beneficial. 

There are numerous methods for promoting the process of seasomi^ 
Some have in view simply drying, a process which is important jn itself but 
which will not in itself prevent decay in damp situations unless the moisture 
be permanently eaaduded. Some dry with hiit air, and some with steam In 
tlie latter case, if the steam be superheated the process is very rapid, but it 
seems to damage the life of the timber. 

Others have in view the expulsion of the albuminous autetanoe. Water soak- 
ii^ the logs and afterwards diying the lumber, seems to be a cheap and quite 
eftectual mode. But there are many patented processes for securing this end, 
or for changing tbe albuminous substances ; and in many oases the latter end 
is not only secured, but the salts which are used act directly upon the cellulose 
and.l^nite of the wood, thereby greatly promoting its durability. 



le LonOon Bulldfr, vol. 
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The fQUowing are the principal prooeseea whidi have been tised: — Mr. P. 
W. Barlow's patent* provided for exhanstii^ the air from one end of the 1(^, 
while one or more atmospheres press upon, the other end. This artificial 
aErial circiilatioa through the wood is prolonged at pleasure. However excel- 
lent in theory, this process is not practicahle. 

By another method, the smoke and hot gases of a ooa! fire are conveyed 
among the lumber, placed in a strong draft. Some writers recommend the re- 
moval of the bark one season before, felling the tree. JOl good authoritieB 
agree that the eviUng sficnid take plaee in, tfie mnt^ aeaaort. \ 

Eyan's process, which consists in the nse of corrosive sublimate, was pat- 
ented in 1833. His specific solution | was one pound of chloride of mercury 
to four gallons of water. Long immersion in the liquid in open vats, or great 
pressnie upon both solution and wood, in large wrought-iron tanks, is neces- 
sary for the complete injection of .the liquid. The durability of well kyanUed 
timber has been proved, but the espensiveness of the operation will long for- 
bid its extensive adoption. 

For " BumettiKing," § a solution of chloride of zinc-— one pound of salt to 
ten gallons of water — is forced into the wood under a pressure of 150 lbs. per 
square inch, 

Boucherie employe a solution J of sulphate of copper one pound to vrater 
twelve and a lw]f gallons, or pyrolignite of iron one gallon to sis gallons of water. 
He enclosed one end of the green stick in a close-fitting collar, to which is at- 
tached an impervious bag- communicating through a flexible tube with an 
elevated reservoir containing the salt liquid. Hydrostatic pressure soon expels 
the sap at the opposite end of the log. When the solution makes its appear- 

He finds the fiuid will pass along the grain., a distance of 1 3 feet, under a 
lower pressure than' is required to force it acrmg the grain, three-fourths of an 
inch. The operation is performed upon green timber with the greatest fa- 
cility.! 

In 1846, eighty thousand sleepers of the most perishable woods, impregnated, 
by Boucherie'a process with sulphate of copper, were laid down on French 
railways. After nine years exposure they were foundas perfect as whenlaid.** 
This experiment was so satisfactorv that most of the railways of that empire 
at once adopted the system AV e would suggest washing out the sap with 
water, which would not coagulate its albumen. The solution would appropri- 
ately follow. 

Both of the last-named processes are comparatively cheap. The manufac- 
turing companies of Lowell Massachusetts, have an establishment for "Bur- 
nettiziog" timber, ff in which they prepare sticks fift;)' feet in length. Under 



T As a modiflcation of ttls method lie also c- 

dliBwmiDateil the solution thrDu]3;liDnt the tree. 
•* Jear, of tiK Frani. /hsl., toL sndL. or 
■H JVeto Ama 
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a pressure of 125 pounds per square inch tiiey inject from two to eigM ounces 
of tlie salt into eacli cubic foot of wood. The coat, in 1861, was from, |5 to 
f6 per 1,000 feet, board mfiasure.* Boaoherie's method must be still cheaper. 
It costs less than creosoting by one shilling- per sleeper, f 

Au American engineer, Mr. Hewson, for injecting railroad sleepers, proposes 
a vat deep anougli for the timbere to stand in 'upright. The pressure of the 
sorrouuding solution upon the lower ends of the sticks will, he thinks, force 
the air out at their upper extremities, kept just above the surface of the 
solution, after which the latter will rise and impregnate the wood. In 1869 
he estimated chloride of zinc at 9 cents per pound, sulphate of copper at 14 
cents per pound, and pjrolignite of iron at 33 cente per gallon. He found the 
cost of impregnating a railway tie with suffloiont of those salts to prevent 
decay, to be : for the chloride of ainc 2-8 cents, for blue vitriol 3-34 cents, for 
pyrohgnite of iron 7'5 eents-t 

By Earle's process the timber is (soiled in a solution of one part of sulphate 
of copper, three parts of the sulphate of iron, and one gallon of water to 
every pound of the salts. A hole was bored the whole length of the piece 
before it was boiled. It was boiled- from two to four hours, and allowed to cool 
in the mixture, 

Eingold and Barle invented the followii^ process ;— A hole was made the 
wholp length of the piece, from one-half to two inches in diameter, and boiled 
from two to four hours in lime-water. After the piece was dried the hole was 
fiUed with lime and coal tar. Neither of these methods was very successful. 

A Mr. Darwin su^^sts that the piece be soaked in lime-water, and after- 
wards in solphnric acid, so as to form gypsum m the pores. 

Bethell's process consists in forcing dead oil into the timber. This is called 
creosoting. § He inclosed the timber and dead oil in huge iron tanks, and sab- 
jeoted them to a pressure vatying between 100 and 300 pounds per square 
inch, at a temperature of 130° F. about twelve hours. From eight to twelve 
pounds of oil are thus injected into each cubic foot of wood. Lumber thus 
prepared is not; affected by exposure to air itnd water, and requires no painting. | 
A large number of English railway companies have already adopted the 
^stem.lT Eight pounds of oU per cubic foot is sufficient for railway sleepers. *• 

One writer has said that if creosote has ever failed to prevent decay, it has 
been because of an improper treatment, or because the oil was deficient in car- 
bolic acid. 

Sir Bobert Smirke.was one of the first architects to use this process, and 
when examined before a OommiUee on Timber, stated that this process does not 

18B0 with complete snccaEs. The Union pBolflc Kajlroad Company bave rPCEntl/ erectefl b large 
bnHdinff for Uiis purpose. Their cylinder Is 75 teat long, 61 Inches la diamet* 



i Vtk'b Dia. o/ifanu. and Mines. 
1 The Great Western, Noith-Baslem, Brisl 
and BirtfLlT^ham, aad London and Blrminghs 
■f Jour. Fraat. Xntt., voL xUv., p. STB. 
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diminish the atreogtli of tihe material which is operated upon. He afMrn-aids 
said, " I cannot rot cieosoted timber, and I have pufc it to the severest test I 
could apply." 

The odor oi creosote makes it objectionable for residences and publia 
buildaigs. 

Mr. S. Beer, of New York City, invented a mode ot preserving timber by 
boiling it in, borax with water. But this process has been objected to on the 
ground that it is not a good protection against moisture. 

Oommon salt is known to be a good preservative in many oases. According 
to Sir. Bates's opinion, • it answers a good purpose in. many cases if the pieces 
to which it is exposed are not too large. 

O. TIIVBElt AI/TERNATELV WET AND DRYr-The surface of all timber 
exposed to altemationB of wetness and drvness gtadnally wastes aw^, be- 
coming daik-coloied or black. This is reallj a si w mbustion, but is com- 
monly called wet rot, or simply rot. 0th nditi ns being the same, the 
most dense and resinous woods loi^est d nj tion. Hence the sa- 
perior durability of the heart-wood, in nhi h the p re have been partly filled 
with lignine, over the open sap-wood and of d nse oak and lignum-vitee 
over light poplar and willow. Henc t the 1 ng preservation ot the 
pitch-pine and reainoos " jarrah " of the Ba t, as oropa ed with non-resincua 
beech and aeh. 

Density and reainouaness exclude water. Therefore onr preservatives 
should increaise those qualities in the timber. Fixed oils fill up the pores and 
increase the density. Stares from oil-barrels and timbers from whahng ships 
are very durable. The essential oils resinify, and furnish an impermeable coat- 
ing. But pitch ot dead oil possesses advantages over aU known Bubstanees for 
the protection of wood agaiiist changes of humidity. According to Professor 
Letheby,f dead oil, 1st, coagulates albuminous substances; 3d, absorbs and 
appropriates the oxj^n in the pcrea, and ao protects from eremacausis ;. 8d, 
resioifies in the pores of the wood, and thus shuts out both ail and moisture ; 
and 4th, acts as a poison to lower forma of animal and vegetable life, and ao pro- 
tects the wood from all parasites. Ali these properties specially fit it for im- 
pregnating timber exposed to alternations of wet and dry states, aa, indeed, 
some of them do, for situations damp and aitaations constantly wet. Dead oil 
ia distilled from coal-tar, of which it contains about . 30, and boUs between 
380° and 470° Fahr. Its antiseptic quaUty resides in the creoaote it contains. 
One of the components of the latter, carbolic acid (phenio acid, phenol), 
CiaHsOj, the most powerful antiseptic known, is able at once to arrest the de- 
cay of every kind of organic matter.J: Prof, Letheby estimates this add at i 

• Bsport at the CommiBslonor of Agricultiire. 1 Civ. Sng, Jetir,, vol isill.. p. S18. 

t " I have aecertainiitl that miaingone part uf the CBrbolio acid to flvo thQuaund parts of a etrfflig 

■kina, IramMMd in a solndon of one part of ™rimUa adii to fit Ij partB of water, for tKenty-four 
boon, flrjla air andcemftin quit* sweet"— Prof. Oraoe Calvert, Ana. Sc. ZKscob., laSB, p, 66. 

" OartjoUc acid ia auffldenCly solublfi in vvtw tor th« soluljon to poasest thp pctwer of arresUhg 
01 piflventlag ipontaneoDB femientatJDD, Saturated solutiona act on aniraals and plaot? as a Tim- 
lent poison, thoHgli oonlalnlng only Ave por esnl. of theacid."— CTo.jSuff. Juur., vol. iiii,, p. 818. 

" Parasites and other worms ar« ioxtautly killed b; a solution cool^nUie only one-half per cenC 
of acid, or by oipoenre to Uiealr containlBfr a fmall portion of the acid. By 

sod those that live in water, die sooner than those that liie in ^ and bavc a lOUil smelope."— 
Dr. I. Lemaire, Jnn. SC, Diacov. , IHBB, p. SS8. 
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to 6 per cent, of the oil. ChryBilio acid CuE^Oi, the homologiie of carboUo 
acid, and the other component of creosote, is not known to possess preservative 
propertieB. 

Creoaoting, or Betiell's process, ia the most valuable of all the well-tried pro- 
cesses in this case. For railway sleepers eight pounds of oil per cubic foot of 
timber is sufficient. * If the timber is dry, a coating of coal-tar, pajut, or resin- 
ous snbstance, is valuable. 

A Mr. Heinmann, of New Tork City, proposes the following process, which 
appears to be very promising : — 

The sap is first expelled and then the timber ia injected with common rown. 
The latter is introduced while in a liquid state, under h^b pressure, while in 
vessels especially constructed for the purpose. 

In an experiment made by Prof. Ogdeu, one cubic foot of green wood ab- 
sorbed 8.96 pounds of rosin, while a cubic foot of well-seasoned wood absorbed 
only 2.6G pounds. The strength of the timber was increased by this process, 
as is shown by the following experiment ; — 
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It is found by eiperiment that wood thus treated ia not as flammable aa air- 
dried wood. This is accounted for from the fact that a kind of inflammable 
sl^ is deposited over the surface immediately after the rosin begiua to bum. 

The chief advantages which are claimed for this method are more theoretical 
than practical, as it has not yet had sufficient time to test its practical meritfl, 
and it may, like monyother processes, disappoint the hopes of its atrongeat ad- 
vocates and well-wishers. 

7. TIMBER CONSTANTLY WET IN SALT WATEU^We have not tO 
guard against decay when timber is in this sitnatioa Teredo navalis, amoUusk 
of the family Tubicoliiria, Lam , soon reduces to ruins any unprotected sub- 
marine construction of common woods. We quote from a paper read before 
the " Institute of Civil Engineers," England, illustrating the ravages of this 



" The sheetii^ at Southend pier extended from the mud to eight feet above 
jv-water mark, The worm destroyed the timber from two feet below the 
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Horface of the mud to eight feet above low-water mark, springtide ; and out of 
88,flr-timber piles and varioiis oak-timbei piles, not oiie remained perfect after 
being np only three years. " * Specimens of wood, taken from a. vessel that 
had made a, voyage to Africa,- are in the rouseum, and show how tliis rapid de- 
struction is effected, 

' ' None of our native timbers are exempt from tiese inroads. Eobert Stephen- 
son, at Bell Rock, between 1814 and 1843, f found that green heart oak, beef- 
wood, and bullet-tree were not perforated, and teak but slightly so. Later 
esperiments show that the " jarrah " of the East, also, is not attacked.^ I'he 
cost of these woods obliges us to resort to artificial protection. 

"The teredo never ^isr/oraies below the surface of the sea -bottom, and proba- 
bly does little injury above low-water mark. Its minute orifice, bored across 
the grain of.the timber, enlarges inwards to the size of the finger, and soon be- 
comes parallel to the fibre. The smooth circular perforation is Uned through- 
out with a thin shell, which is sometimes the only material separating the ad- 
jacenE cells. The borings undoubtedly constitute the animal's food, portions 
of woody fibie having been found in its body. ^ While upon the surface only 
■the projecting siphundes indicate tiie presence of the teredo, the wood within 
may be absolutely honey-combed with tubes from one to four inches in 
length. 

' ' It was naturally supposed that poisoning the timber would poison or drive 
away the teredo, but Kyan's, and all other processes employing solutions of 
the salts of meEals of alkaline earths, signally failed. This, however, is not 
surprising. The constant motion of sea-water soon dilutes and washes away ■ 
the small quantity of soluble poison with which the wood has been injected. 
If any albuminate of a metallic base still reniains in the wood, the poisonous 
properties of the injection have been destroyed by' the combination. More- 
over, the lower vertebrates are onatteoted by poisons which kill the mammals. 
Indeed, it is now known that certain of the lower forms of animal life Uve and 
even fatten on such deadly agents as arsenic, ] 

' ' Coatings of paint or pitch are too rapidly worn away by marine action to be 
of much use, but timber, thoroughly creosoted with ten pounds of dead oil 
per cubic foot, is perfectly protected against teredo nayalis. All recent au- 
thorities agree upon this point. In one instance, well authentieafced, the mol- 
lusk reached the impregnated heart- wood by a hole carelessly made through the 
injected exterior. The animal pierced the heart-wood in several directions, 
-but turned aside from the creosoted zone. If The process and cost of ' ' creo- 
Boting " have already been discussed. " 

A second destroyer of submarine wooden constructions is limnoria terebrans, 
(or L. perforata, Leach) a moHusk of the family AsseUotes, Leach, resembling 
the sow-bug. It pierces the hardest woods with cylindrical, perfectly smooth, 
nHndir^ holes, jVth to-j'sthof an inch in diameter, and about two inches deep.** 
From Igneous matter having been found in its viscera, some have concluded 
that the limnora feeds on the wood, but since other mollusks of the same ge- 

tTfts.BKiMeffocl8Ca, p.Bn. , 

J cw. E,ig. Jour. , YOL u., p. 17, 

I (He. Entl. Jow., Yol, lil,, p, SSa. Also Dist, I'nit. iCEisl. Salur. tome ilL 

I BrUisi and ^brefgnXitiiaai Review. 

1 CHv. Ent;, Joar., vol, liL, p, 191, 

•• Bft* tftue, rfSiw. Scaur. 
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nua, Pholaa, bore and destroy stoce-work, tbe perforation may serve only for 
the animal's dwelling-. The lumnoria aeema to prefer tender woods, but the 
hardest do not escape. Green-heart oak is the only known wood which is not 
speedily destroyed.* At the harbor-of Loweatoft, England, equate fonrteen- 
jnoh pikea were, in three years, eaten down to four inches aquare.f 

While all agree that no preparation, if we except dead oil, ha,s repelled the 
Umnoria, an eminent eng^ineer has cited tiree cases in which that agent afford-- 
ed no proteetion.f 

We do not find that timber impregnated with water-glass has been tested 
agmnst this subtle foe. The experiment is certainly wortiy of a triaL 

A mechanical protection is found in thickly studding the surface of the tim- 
ber with broad-headed icon naUs. This method has proved successful. Oiy- 
dation rapidly fiUa the interstices between the heads, and the outside of the 
timber becomes coated with an impenetrable crust that th j esence of the . 
aaHa is hardly neoeesary. 

In conclusion, we cannot but express aurpriae th t 1 ttl known in this 
countay concerning' preservative processes. Th mpl ym t ems to excite 
■very little interest, and the veij few works wh th y a bemg tested at- 
tract hardly any attention. Those railroads wh h ha up ded their use 
assign no reasons, and those upon which the tunbe la mj ted publish no re- 
ports concerning the advantages of their particular methods. Even the Na- 
tional Works, upon which Kyan's process was formerly employed, have laid it 
aside, and now subject lumber to dampness and alternations of wetness and dry- 
ness, without any preparation beyond seasoning. When sleepers cost fifty 
cents and creosoting thirty cents each, it is cheaper to hire money at seven per 
cent. , compound interest, than to lay new sleepers at the end of seven years. 
Allowing any ordinary price for the removal of the old and'laying down the 
new ties, the advantage of using Bethell's process seems evident. If some 
cheaper method will produce the same effects, the folly of neglecting all meana 
YrMch aim at increasing the durability of the material is still more palpable. 
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